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COARSE-GRAINING SCHEMES FOR STOCHASTIC LATTICE
SYSTEMS WITH SHORT AND LONG-RANGE INTERACTIONS

MARKOS A. KATSOULAKIS, PETR PLECHAC, LUC REY-BELLET,
AND DIMITRIOS K. TSAGKAROGIANNIS

ABSTRACT. We develop coarse-graining schemes for stochastic many-particle
microscopic models with competing short- and long-range interactions on a
d-dimensional lattice. We focus on the coarse-graining of equilibrium Gibbs
states, and by using cluster expansions we analyze the corresponding renormal-
ization group map. We quantify the approximation properties of the coarse-
grained terms arising from different types of interactions and present a hierar-
chy of correction terms. We derive semi-analytical numerical coarse-graining
schemes that are accompanied by a posteriori error estimates for lattice sys-
tems with short- and long-range interactions.

1. INTRODUCTION

Many-particle microscopic systems with combined short and long-range interac-
tions are ubiquitous in a variety of physical and biochemical systems, [37]. They
exhibit rich mesoscopic and macroscopic morphologies due to the competition of
attractive and repulsive interaction potentials. For example, mesoscale pattern
formation via self-assembly arises in heteroepitaxy, [35]; other notable examples
include polymeric systems, [16], and micromagnetic materials, [I8]. Simulations
of such systems rely on molecular methods such as kinetic Monte Carlo (kMC)
or Molecular Dynamics (MD). However, the presence of long-range interactions
severely limits the spatio-temporal scales that can be simulated by such direct
computational methods.
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On the other hand, an important class of computational tools used for accelerat-
ing microscopic molecular simulations is the method of coarse-graining. By lumping
together degrees of freedom into coarse-grained variables interacting with new, ef-
fective potentials the complexity of the molecular system is reduced, thus yielding
accelerated simulation methods capable of reaching mesoscopic length scales. Such
methods have been developed for the study and simulation of crystal growth, sur-
face processes and polymers, e.g., [ILI0,[19}2123,27], while there is an extensive
literature on soft matter and complex fluids, e.g., [I3|[14L[B0,[4T]. Existing ap-
proaches can give unprecedented speed-up to molecular simulations and can work
well in certain parameter regimes, for instance, at high temperatures or low den-
sities of the systems. On the other hand important macroscopic properties may
not be captured properly in many parameter regimes, e.g., the melt structures of
polymers, [27], or the crystallization of complex fluids, [34]. Motivated in part
by such observations we formulated and analyzed, from a numerical analysis and
statistical mechanics perspective, coarse-grained variable selection and error quan-
tification of coarse-grained approximations focusing on stochastic lattice systems
with long-range interactions, [2123H25]. We have shown that the ensuing schemes,
known as coarse-grained Monte Carlo (CGMC) methods, perform remarkably well
even though traditional Monte Carlo methods experience a serious slow-down. In
this paper we focus on lattice systems with both short and long-range interactions.
Short-range interactions introduce strong correlations between coarse-grained vari-
ables, and a radically different approach needs to be employed in order to carry out
a systematic and accurate coarse-graining of such systems.

The coarse-graining of microscopic systems is essentially a problem in approxi-
mation theory and numerical analysis. However, the presence of stochastic fluctua-
tions on one hand, and the extensive nature of the models (the presence of extensive
quantities that scale as O(N) with the size of system V) on the other, create a new
set of challenges. Before we proceed with the main results of this paper we discuss
all these issues in a general setting that applies to both on-lattice and off-lattice
systems and present the mathematical and numerical framework of coarse-graining
for equilibrium many-body systems.

We denote by ¢ microscopic states of a many-particle system and by Sy the set of
all microscopic states (i.e., the configuration space). The energy of a configuration
is given by the Hamiltonian Hy (o) where N denotes the size of the microscopic
system. An example studied in this paper is the d-dimensional Ising-type model
defined on a lattice with N = n? lattice points and suitable boundary conditions,
e.g., periodic. For both on-lattice or off-lattice particle systems the finite-volume
equilibrium states of the system are given by the canonical Gibbs measure at the
inverse temperature 3, describing the most probable configurations

(1.1) iy p(do) = ie—ﬂHN(ff)PN(da),
Zn

where the normalizing factor Zy = [ e PHN Py . the partition function, ensures that
(I is a probability measure, and Py(do) denotes the prior distribution on Sy.
The prior distribution is typically a product measure (see for instance (2.3))) which
describes non-interacting particles, or equivalently describes the system at infinite
temperature 5 = 0. At the 5 = 0 limit the particle interactions included in Hy are
unimportant and thermal fluctuations, i.e., disorder, associated with the product
structure of the prior, dominate the system. By contrast at the zero temperature
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limit, 8 — oo, interactions dominate and thermal fluctuations are unimportant; in
this case (1)) concentrates on the minimizers, also known as the “ground states”,
of the Hamiltonian Hy over all configurations o. Finite temperatures, 0 < 8 < oo,
describe intermediate states to these two extreme regimes, including possibly phase
transitions, i.e., regimes when as parameters, such as the temperature, change, the
system exhibits an abrupt transition from a disordered to an ordered state and vice
versa, or between different ordered phases.

The objective of (equilibrium) computational statistical mechanics is the simu-
lation of averages over Gibbs states, (LI of observable quantities f(o):

(1.2) By lf /f o)un,p(do) .

Due to the exceedingly high dimension of the integration, even for moderate values
of the system size N, e.g., |Sy| = 2V for the standard Ising model, such averaged
observables are typically calculated by Markov Chain Monte Carlo (MCMC) meth-
ods, [29]. Nonetheless, mesoscale morphologies, e.g., traveling/standing waves and
patterns, are beyond the reach of conventional Monte Carlo methods. For this rea-
son coarse-graining methods have been developed in order to speed up molecular
simulations.

We briefly discuss the mathematical formulation and numerical analysis chal-
lenges arising in coarse-graining of an equilibrium system described by (Il). We
denote the configuration space at the coarse level by Sy; and we denote by F the
coarse-graining map F : Sy — Sy, Fo =1 € Sy The coarse-grained system size
is denoted by M, while the microscopic system size is N = QM , where we refer to
Q@ as the level of coarse-graining, and Q = 1 corresponds to no coarse-graining. At
the coarse-grained level one is interested in observables f(n) which depend only on
the coarse variable 1, and a coarse-grained statistical description of the equilibrium
properties of the system should be given by a probability measure jins,5(dn) on Sy
such that the average (the expected value) of such an observable is the same in
the coarse-grained as well as fully resolved systems. This motivates the following
definition.

Definition 1.1. The exact coarse-grained Gibbs measure fiy g is defined by
(1.3) fine,5(A) = pnp(F1H(A)),

for any (measurable) set A C Sy or, equivalently,

(1.4) [t mssstan) = [ £8@) sl

for all (bounded) f : Spr — R.

Slightly abusing notation we will write fipz 3 = pn,g o F7! in the sequel. In
order to write the measure fips,g in a more convenient form we first compute the
exact coarse-graining of the prior distribution Py (do) on Sy:

PM(d'q) = PN o F71 .

The conditional prior probability Py (do |n) of having a microscopic configuration
o given a coarse configuration n will play a crucial role in the sequel. Recall that
for a function g(o) the conditional expectation is given by

(1.5) Elgln] = / 9(0) Px(do | 7).
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We now write the coarse-grained Gibbs measure fips g using a coarse-grained Hamil-
tonian Hpz(n).

Definition 1.2. The exact coarse-grained Hamiltonian Hys(n) is given by
(1.6) e PO Ee=PHN g

This procedure is known as a renormalization group map, [17,20]. Note that the
partition functions for Hy and Hj; coincide since

ZN:/ 1e—BHNPN(do)://e—ﬁHNPN(da|n)PM(dn):/e—ﬁ’ﬁMPM(dn) =7y .

Hence for any function f(7) we have

1

/ F ) p(dor) = / f(n) e~ Py(do)

:/f(n)%/e_ﬂHNPN(dUM)pM(dn)

1 .5 _
- /f(n)ﬂe /3HM(77)p]V[(d77)7
and thus the exactly coarse-grained measure fias,g(dn) in (I3)) is given by

(1.7 farpld) = ——e P Py ().

Znm
Although typically Py/(dn) is easy to calculate, see e.g., ([2.4)), the exact compu-
tation of the coarse-grained Hamiltonian Hys(n) given by (1) is, in general, an
impossible task even for moderately small values of N.

In this paper we restrict our attention to lattice systems, and our main result is
the development of a general strategy to construct explicit numerical approxima-
tions of the exact coarse-grained Hamiltonian Hys(n) in the physically important
case of combined and competing short and long-range interactions. Essentially we
construct an approximate coarse-grained energy landscape for the original complex
microscopic lattice system in Section We show that there is an expansion of
Hjr(n) into a convergent series

(1.8) Hyi(n) = HY (n) + ) () + H (n) + error

by constructing a suitable first approximation FIJ(\B)(U) and identifying small pa-
rameters to control the higher-order terms in the expansion. Truncations including
the first few terms in (L8) correspond to coarse-graining schemes of increasing
accuracy. In order to obtain this expansion we rewrite (0] as

_ _ 1 _ O
(1.9) Hy(n) = HY () — 5losEle PUHN=Har () | ]

We need to show that the logarithm can be expanded into a convergent series,
uniformly in N, eventually yielding an expression of the type (IL8]). However, two
interrelated difficulties emerge immediately: (a) the stochasticity of the system in
the finite temperature case yields the non-linear expression in (I9) which in turn
will need to be expanded into a series; (b) the extensive nature of the microscopic
system, i.e., typically the Hamiltonian scales as Hy = O(N), does not allow the
expansion of the logarithm and exponential functions into the Taylor series.
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For these reasons, one of the principal mathematical tools we employ is the clus-
ter expansion method; see [38] for an overview and references. As we shall see in
the course of this paper cluster expansions will allow us to identify uncorrelated
components in the expected value E[e‘B(HN_HI(\S)(”)) | n], which in turn will permit
us to factorize it, and subsequently expand the logarithm in (I9) in order to obtain
the series (L8). The coarse-graining of systems with purely long-range interactions
was extensively studied using cluster expansions in [2,23.24]. Here we are broadly
following and extending this approach. However, the presence of both short and
long-range interactions presents new difficulties and requires new methods based
on the ideas developed in [433]. Short-range interactions induce sub-grid scale
correlations between coarse variables, and need to be explicitly included in the ini-
tial approximation H 1(\2) (n). To account for these effects we introduce a multi-scale
decomposition of the Gibbs state (L)) into fine and coarse variables, which in turn
allows us to describe, in an explicit manner, the communication between scales
for both short and long-range interactions. Furthermore, the multi-scale decom-
position of ([II)) can also allow us to reverse the procedure of coarse-graining in a
mathematically systematic manner, i.e., reconstruct spatially localized “atomistic”
properties, directly from coarse-grained simulations. We note that this issue arises
extensively in the polymer science literature, [311/40].

The paper is organized as follows. In Section [2] we present the microscopic
Ising-type models with short and long-range interactions and introduce the coarse-
graining maps and the resulting coarse-grained configuration spaces. In Section [
we discuss our general strategy for the analysis of systems with short and long-range
interactions and present our main results. In Section ] we discuss semi-analytical
coarse-graining schemes and their applications to specific examples. Section [l is
devoted to the construction of the cluster expansion and to the proof of conver-
gence of our schemes. In Section [0l we discuss the computational complexity of the
proposed coarse-graining schemes.

2. MICROSCOPIC LATTICE MODELS AND COARSE-GRAINING

We consider an Ising-type model on the d-dimensional square lattice Ay :=
{x = (21,...,24) € Z%; 0 < x; <n—1} with N = n? lattice points. For simplicity
we assume periodic boundary conditions throughout this paper, although other
boundary conditions can be accommodated. At each lattice site = there is a spin
o(x) taking values in ¥ = {+1,—1}. A spin configuration 0 = {o(z)}.er, on the
lattice Ay is an element of the configuration space Sy := LA~. For any subset
X C Ax we denote ox = {0(z)}rex € ¥ the restriction of the spin configuration
to X. Similarly, for a function f : Sy — R we denote fx the restriction of f to
¥X. The energy of a configuration ¢ is given by the Hamiltonian

(2.1) Hy(0) = H}(0) + Hy(0),

which consists of a short-range part H} and a long-range part H]l\, For the short-
range part we have
Hy(o) = Y Ux(o),
XCAN

where the short-range potential U = {Ux, X C Z%}, with Ux : ¥%X — R, is
translation invariant (i.e., Ux4y, = Uy for all X C Z? and all y € Z%) and has
the finite range S (i.e., Ux = 0 whenever diam (X) > S). We define the norm

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1762 M. A. KATSOULAKIS ET AL.

IUIl = 3> x50y | diam(x)<s [[Ux [l Where the norm || - || is the standard sup-norm
on the space of continuous functions. A typical case is the nearest-neighbor Ising

model
=K Z o(r)o
(z,y)

where by (x, y) we denote summation over the nearest neighbors. For the long-range
part we assume the form

Hy(o :——ZZM:— )o(y),

TEAN yFx
where the two-body potential J has the form

(22) Ha=n) =2V (o)

for some V € C!([0,00)). The factor 1/L% in (ZZ) is a normalization which en-
sures that the strength of the potential J is essentially independent of L, i.e.,
> w0 ()] = JIV(r)|dr. For example, if we choose V such that V(r) = 0 for
r > 1, then a spin at the site x interacts with its neighbors which are at most L
lattice points away from x, and in this case L is the range of the interaction J. It is
convenient to think of L as a parameter in our model, and more precise assumptions
on the interactions will be specified later on.

The finite-volume equilibrium states of the system are given by the canonical
Gibbs measure ([LI)) and Py (do), the prior distribution on Sy, is a product measure

(2.3) Py(do) = ][ P:(do(x
TzEAN
A typical choice is P,(c(z) = 4+1) = § and P,(o(z) = —1) = 1, i.e., independent

Bernoulli random variables at each site x € Ay. For the sake of simplicity we
consider Ising-type spin systems, but the techniques and ideas in this paper apply
also to Potts and Heisenberg models or, more generally, to models where the “spin”
variable takes values in a compact space.

1. Coarse-graining. In order to coarse-grain our system we divide the lattice
AN into coarse cells and define coarse variables by averaging spin values over the
coarse cells. We partition the lattice Ay into M = m¢ disjoint cubic coarse cells,
each cell containing Q = ¢¢ microscopic lattice points so that N = n¢ = (mq)? =
MQ. We define a coarse lattice Ay = {k = (ky1,...,kq) € Z%; 0 < k; <m—1} and
we set Ay = Ugea,, Cr where Cy = {z € Ay ; kig < ; < (k; +1)q}. Whenever
convenient we will identify the coarse cell C'x in the microscopic lattice Ay with
the point k of the coarse lattice Ay;. For any configuration o* = o¢, on the coarse
cell C we assign a new spin value

zeCly,
which takes values in ¥ = {—Q, —Q+2,...,Q}. We denote the configuration space
at the coarse level by Sy, = = $Av and we denote by F the coarse-graining map
F:8y—=Su. o={0@)}sery = n={nk)}rca,
which assigns a configuration 7 on the coarse lattice Ay, given a configuration ¢ on
the microscopic lattice Ay .
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The exact coarse-grained Gibbs measure is defined in ([3)) for arbitrary Gibbs
states having the form (LT). Since 7(k) depends only on the spins o(x), with
x € C}, the coarse-grained measure P is a product measure

(2.4) Py(dp) = Py oF ' = ] Puldn(k
k€A

For example if P, is a Bernoulli distribution, then Py(n(k)) = (%(n(g)JrQ)) (%)Q

Similarly, we define the conditional probability measure Py(do|7) as having a
microscopic configuration ¢ on Ay given a coarse configuration 1 on Ap;. This
measure plays a crucial role in the sequel since it factorizes over the coarse cells

(2.5) v(do|n) = J] Pu(do®n(k)),
keA

where P, (do* |n(k)) is the conditional probability of a microscopic configuration

o* on Ck given a coarse configuration (k).

3. APPROXIMATION STRATEGIES FOR H (1)

In this section we present a general strategy for constructing approximations of
the exact coarse-grained Hamiltonian Hj(n) in (L7). We show how to expand
Hys(n) into a convergent series (L&) by choosing a suitable first approximation

ﬁz(v(}) (n) and identifying small parameters to control the higher-order terms in the

expansions. The basic idea is to use the first approximation H](\?[) (n) in order to
rewrite (LO) as (L3). We show that the logarithm can be expanded into a con-
vergent series, uniformly in N, using suitable cluster expansion techniques. We
discuss in detail the case d = 1 in order to illustrate general ideas in the case where
calculations and formulas are relatively simple. The general d-dimensional case is
discussed in detail in Section [l

We recall that the Hamiltonian Hy (o) = Hy (o) + H3 (o) consists of a short-
range part H3 (o) with the range S and a long-range part H) (o) whose range is
L. We choose the coarse-graining level ¢ such that

S <g< L.

There are two small parameters associated with the range of the interactions,

€s x O <§) and e x O (%) .

The first approximation is of the form
(3.1) a9 =gt 4 g

and two distinct separate procedures are used to define the short-range coarse-
grained approximation H;) (O), as well as its long-range counterpart H LO - Due
to the non-linear nature of the map induced by (L9) it is not obvious that (330)
will be a valid approximation, except possibly at high temperatures, when g < 1.
This fact will be established for a wide range of parameters in the error analysis of
Theorem B3] and in the discussion in Section d, provided a suitable choice is made

for ETISV’[(O) and ﬂjv’[(o).
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3.1. Coarse-graining of the long-range interactions. We briefly recall the
coarse-graining strategy of [24] for the long-range interactions. Since the range of
the interaction, L, is larger than the range of coarse-graining (), a natural first
approximation for the long-range part is to average the interaction J(x — y) over
coarse cells. Thus we define

1,(0 _
(3.2) Hy;" (n) = B[} ],
and an easy computation gives

3.3)  H:O ZZJkl n(l) — %Z

kEAM I#k kEAm

el

(k. k) (n(k)* — Q) ,

where
DI IEICENNECUEI i DD S
J?GCk yeC z,y€Cy y#x

A simple error estimate (see [2[24] for details in various cases) gives

Hi (o) = AYO(F(0)) + e with ef = N@(%vanw).

Using this definition of H 5\’/[(0) we obtain

(34) e—Bva(o')PN(do_ln) _ 6_5[};}[(0)(")6— [HN(O') HM (7])] N(dg‘lrl)
PN
(3.5) = e MM T (L4 fi) Py(do|n),
Jk€AM
where
(3.6) fl= 07 Toco; Tyeop eV @=y)=I (D)o (@) ()2=65r) _ |

Due to the fact that Py(do|n) has a product structure one can rewrite (B0 as a
cluster expansion, [24] (see also Section [Hl), as in (). The key element in that
cluster expansion is the “smallness” of the quantity

(3.7) [ T(z —y) = J(k, D] < 2Ld+1 sup [VV (2" =),
s
which yields asymptotics
q
(38) e = 0@ L IV V 1)

The estimate [B1) follows from regularity assumptions on V' and the Taylor expan-
sion.

3.2. Multi-scale decomposition of Gibbs states. This approach provides the
common underlying structure of all coarse-graining schemes at equilibrium includ-
ing lattice and off-lattice models. It is essentially a decomposition of the Gibbs state
(I into product measures among different scales selected with suitable properties.
We outline it for the case of short-range interactions where we rewrite the Gibbs

measure (L)) as
pn,p(do) ~ e PN Py (do) = PN Py (do | 1) Pay (d) -
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We use the notation ~ meaning up to a normalization constant, i.e., in the equation
above we do not spell out the presence of the constant Zy. We now seek the
following decomposition of the short-range interactions:

(3.9) e PN Py (do | n) = R(n) A(o)v(doln)

where
(a) R(n) depends only on the coarse variable n and is related to the first coarse-

grained approximation H J(\f[’o)(n) via the formula

7S, _ s (o _ 77s,(0)
(3.10)  R(y) = e PHE"0 | A()u(doln) = ¢ P RO W) ()

(b) A(o) has a form amenable to a cluster expansion, i.e.,

(3.11) Alo) = [ 1+ k(o).
keAnr
The function ® is small and moreover @y (o) depends on the configuration o only
locally, up to a fixed finite distance from Cj. In the example at hand (for d = 1)
we have @y (0) = @y (¥~ 1, oF ).
(c) The measure v(do|n) has the general form

(3.12) v(doln) = H vi(do|n) ,
keAn

where vi(do|n) depends on o and 7 only locally up to a fixed finite distance
from Cy. In the example at hand vi(do|n) depends only on the configuration
on Cy—1 UCy UCji1. Even though the measure v(do|n) is not a product measure,
the fact that this measure has finite spatial correlation makes it adequate for a
cluster expansion; see [8:24) and Section Bl

Although here we described the multi-scale decomposition of the Gibbs measure
for the case of short-range interactions, the results on the long-range interactions,
discussed earlier, can be reformulated in a similar way. In particular, (B4]) and
B3) can be rewritten as

(3.13) -Bva<U>PN<da |n) = R(n)A(o)v(doln) ,

where R(n) = e 5" ) y(do|y) = Py(do |n), and

(3.14) Ao) = e*ﬁ(Hz’v(a)fﬁkf(O)(n)) = H (1 +fgl'k) .
4, k€A

We recall that in analogy to (812)), the product structure of v(do|n) = Py (do|n)
allows us to carry out a cluster expansion for the long-range case, and obtain a
convergent series such as (L)), thus yielding an expansion of the exact coarse-
grained Hamiltonian H,, [24]. We also note that ([3.9), used here as a numerical
and multi-scale analysis tool in order to derive suitable approximation schemes for
the coarse-grained Hamiltonian, was first introduced in [4}[32L[33] for the purpose of
deriving cluster expansions for lattice systems with short-range interactions away
from the well-understood high temperature regime.

The error estimates for the approximating coarse-grained measure ﬂ( 3\/1, which is
defined by the expansion of the coarse-grained Hamiltonian truncated at the k4 1st
term, is quantified in terms of the specific relative entropy %R(ﬂg\(zﬁ |ungoF~h).

The measure gy 5o F~! denotes the exactly coarse-grained measure py g induced
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1766 M. A. KATSOULAKIS ET AL.

by the coarse-graining map F. The relative entropy of the measure p with respect

to the measure v is J
m
Rp|v) = /log (5) du .

3.3. Coarse-graining schemes in one spatial dimension. We sketch how to
obtain a decomposition such as 9] for d = 1 and construct a suitable R(n). We
first focus on the short-range interactions with radius S. Using that S < ¢, we
write the corresponding Hamiltonian as

(3.15) Hy(o)= Y Hi(o)+ Y, Wigl(o),
kEZ\A{ kEAM
where
Hi(o)= Y Ux(0), Wikpi(o) = > Ux(0),
XCCy Xﬁck¢®7xﬂck+1¢®

i.e., H} is the energy for the cell C} which does not interact with other cells, i.e.,
under the free boundary conditions, and Wj, ;1 is the interaction energy between
the cells C;, and Cg41. Thus, we can split the one-dimensional lattice into non-
communicating components, for instance, even- and odd-indexed cells, and write

e M Py(do|m) = T e Pers W O P (do* (k)
k:odd
(3.16) x [ e " Pude” [n(k)).

k:even

In (BI6) we will normalize the factors for k odd by dividing each factor with the
suitably defined corresponding partition functions for the regions Cj and Cj_1 U
Cr U Cly1.
Definition 3.1. We define the partition function with boundary conditions o*~!
and o1 ie.,

(3.17)  Zp(n(k);oF L okt = /e‘B(W’“*L”W’“’““)e_BHZPk(dak\n(k)).

In order to decouple even and odd cells we define the partition function with free
boundary conditions on Cy_; and boundary condition o**1 on Cy,1, i.e.,

(3.18) Z(n(k); 0,05 +1) = / e=BWiki1 o=BHE P, (4o | (k) |

and similarly Zx(n(k);c%=1,0), as the partition function with free boundary condi-
tions on Oy and boundary condition ¢*~1 on Cj_;. We also denote by Z(n(k);
0,0) the partition function for Cj with free boundary conditions. We define the
three-cell partition function with free boundary conditions

Zi—1 k1 (n(k = 1),n(k),n(k +1);0,0)

_ /e_B(HI:,1+Wk,k—1+H1i+Wk,k+l+Hli+1)

(3.19) % Po_1(do™ = | (k — 1)) Pi(do® | 7(k)) Posr (do™+ | n(k + 1)) .

The key to the decomposition and eventually to the cluster expansion is the
introduction of a “small term” analogous to (B.8]).
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Definition 3.2.
- Zy(n(k); "1, o* 1) Zy (n(k); 0,0)
(320) f1§71,k+1(77(k)5 Uk 17 Jk+1) = . k+1 . k—1
Zk:(n(k;)ao70- )Zk(n(k)va 70)
An important element in the cluster expansion in Section [l is the estimation of
the terms f7_; ,.;. However, a straightforward estimate yields

(3.21) fictpnr(n(k); o™=t o™ ~ BS||U|,

while for a sharper estimate relying on the spatial correlation length of the short-
range interactions, we refer to ({3)) and ({I0) below.
We can now rewrite

Zp(m(k); o™ o™ = (frmrka(n(k); o™t o) + 1)

Z(n(k); 0, 0" 1) Zy (n(k); a1, 0)
Zi(n(k); 0,0) .

In ([3I6) we now divide and multiply each factor with k odd by Zj(c*~! o*+1)

and use the formula [322)). Furthermore, we multiply and divide each factor with
even k by Zi_1 1 x+1(0,0) and obtain

-1

(3.22) x

e MNPy (do | n)

(3.23)
- H Z(0,0)71 H Zk—1,k,k+1(0,0) H (Fiipa+ 1)
k:odd k: even k: odd
= R(n) = A(o)
(3.24)
e B (Wi it W) k e PR 21 (0%, 0)Z_1(0, o) k
) k::l;<[id Zy(ok—t, okt Pr(do [nk)) k;le_v[en Zr—1,k,k+1(0,0) Pi(e™ I n(k))
= v(doln))

where we have used that

H Zk(070'k+1)Z( k=1 0 H Zk+1 0' O)Zk; 1(0 U)
k:odd k:even

It is easy to verify that v(do |n) defined in (8224 is a normalized measure and has
the form required in condition (c) of the multi-scale decomposition of the Gibbs
measure. The factor R(n) defined in (B:223)) gives the first-order corrections induced
by the correlations between adjacent cells. Putting together the analysis for short
and long-range interactions we obtain the main result formulated as a theorem.

Theorem 3.3. Let

(3.25) a2 () = Hy* (n) + B3 (),

where Fll’(o)( ) is given in (32) and B3) and

(3:26) HyOm) = = > GO+ > Ty ik =1),n(k), n(k+1))
k:odd k:even

with the one-body interactions

(3.27) 00 (n(k)) = —% log Zi (11(k); 0,0) ,
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and the three-body interactions

07D, w0k = 1), k), n(k+1))
1
(3.28) = ] log Zi—1 kkr1(n(k — 1), n(k),n(k +1);0,0),

where Zj, and Zy_1 k41 are given by (B.I8) and (B.19) respectively. Then:
1. We have the error bound

L

for a short-range potential with the range S <« ¢ <« L. The loss of information
when coarse-graining at the level ¢ is quantified by the specific relative entropy
error

. s|u YV oo

1 1y _ o (BSIUN, aB[VV s
(3.29) N REarg lpng o F70) = O P 17 :
2. There exist §; > 0 and do > 0 such that if
(3.30)
supsup Y | fip(0?,0")[ <81, sup sup [fiy (k)0 T oM < 6,
ko 1h k ok=1 gk+1 n(k)

where ff ., and fl, are given by (B20) and ([3.6) respectively, then Hy —
}_I](\?[) is expanded in an absolutely convergent series in the parameters 8||U||S and
2
qf”VVHoo
(3.31)

2
Hs(n) = Hy (n)+ g () +.. .+ 3 () + MO((max{ B[S, BLIVV ][},

where the exact form of the higher-order terms Hj(\g)(n) can be directly computed
by writing explicitly the terms in the power series ([.24]).

Remark 3.1. Note that once the absolute convergence of ([B31)) is established, one
can further estimate the terms of the expansion, in which case it is expected to
obtain an absolutely convergent series in the parameters S||{U H% and S£[|VV]s.
This has been shown in [24] for the long-range case only, but a similar result is

expected to hold in the present case. In such a case the corresponding error in
B3T) would read NO((max{5[U|| 2, BE[VV |l })P ).

To motivate the reader we next give an outline of the proof containing the basic
ideas, and for the full proof we refer to the general d-dimensional case in Theo-

rem [5.71

Outline of the proof. We define H’g\’/l(o), from ([B.2)) and H']s\k(o) as in ([B.23) and (3:24]).
Then with ﬁ](\?[) = Efj\’/l(o) + flf\z’[(o), from (Z6]) we obtain

_ _ 1
(332) Hys(n) = B () = log [ Alo)wdoln),
where v is determined in [3:24) and A is given by
(3.33)
Afo) = H(l +fi;) H (L4 fi1i) = Z Hfz‘s—l,i-i-l Z H £l
i<j i:odd ICAQdd il GeGm {i,j}€E(G)
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where G, is the set of all graphs on M vertices, where M is the total number of
coarse cells.

Substituting A(o) from (F33) in the second term of the right hand side of
B32) we need to integrate with the non-product measure v(do|n). Hence, ev-
ery term f7 ;. for ¢ odd has to be integrated with the measures on the coarse

cells U;ﬁ_2 Cj. Such a set we call a link ;. Similarly, every ilj gives rise to a

similar link, where if 7 is even then it needs to be integrated over U;ﬁ_2 Cj as

0 _ 2
;;-710]». Given Ry C Ay we

before, while if it is odd the integration is over J

define the link £ = J,¢ R, li- We define a polymer R to be a collection of these
two types of links, namely R := (l1,...,ly;£) (from which we can read the short
Jii1+1 and the long Z-lj range contributions). Two polymers Ry and Ry are called

compatible if supp(R;) Nsupp(Rz) = ). With these definitions we have:

(3.34) / A(o)v(do|n) = > [ wz)

{R1>‘~'7Rn}cuxnp =1

where

(3.35) w(R) = / it S I 1o,

icl GECry {i.7}EE(G)

where Cr, is the set all connected graphs on the vertices of Ry C Aps. The form on
the right hand side of ([3:34]) is amenable to the cluster expansion theorem which
we will use in order to write the logarithm as an absolutely convergent series; see
Theorem (4l Thus, while the error estimate in ([3.29) comes directly from the
uniform estimates (38) and (2], the absolute convergence of the series (B3]
is the result of Theorem [5.4] with the small parameters to be determined by the
convergence condition, given in Lemmal[5.6land being directly related to the uniform
estimates (B.8) and (B2I). The complete proof in all space dimensions is carried
out in Section O

Remark 3.2. The error estimate ([B:29]) suggests qualitatively an estimate on the
regimes of validity of the method, and on the “optimal” level, ¢ = gopt, when we
restrict ourselves to the regime S < g < L, where S and L are the respective
interaction ranges for short and long-range potentials. The corresponding error is
then

(3.36)

U 1_ _ S
o = [SLI— . RO L o F 1>—o</3\/f||U||||W||oo> .

Remark 3.3. The application of Theorem requires that we check the validity of
B30), which is certainly guaranteed by the conditions (8:8) and [B21]) in suitable
regimes. More interestingly, for specific examples (3.30) can be verified directly,
through a sharper estimate than ([B.2I]), thus improving (3:29)). This estimate relies
on the spatial correlation length of the short-range interactions; we refer to (£.9)
and ([@I0) below. Furthermore, in (@) we even obtain an upper bound that
depends only on the coarse observables. This allows us to check the conditions
B30) (dictated by the cluster expansions) computationally in the process of a
Monte Carlo simulation involving only the coarse variables . We note here that in
[3233], the short-range condition in ([B30) is taken as an assumption. Overall, in
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one dimension, this condition holds up to very low temperatures while in dimension
d > 2 this condition can be satisfied in the high-temperature regime; see for example
the analysis in [4] where similar conditions are used for the nearest-neighbor Ising
model in the dimension d = 2 all the way down to the critical temperature.

3.4. A posteriori error estimates. In [24] we introduced the use of cluster ex-
pansions as a tool for constructing a posteriori error estimates for coarse-graining
problems, based on the rather simple observation that higher-order terms in (3.31))
can be viewed as errors that depend only on the coarse variables 1. Following the
same approach an a posteriori estimate immediately follows from (B3T)).

Corollary 3.1. We have
(0 - _
R | s 0 F ) = BE 00 [S(n)] +1og (B [750]) + 0(82),
where the residuum operator is S(n) = FI](VII) (n).

In [22] we already employed this type of estimate for stochastic lattice sys-
tems with long-range interactions, in order to construct adaptive coarse-graining
schemes. These tools operated as an “on-the-fly” coarsening/refinement method
that recovers accurately phase diagrams. The estimates allowed us to change adap-
tively the coarse-graining level within the coarse-graining hierarchy once sufficiently
large or small errors were detected, thus speeding up the calculations of phase di-
agrams. Earlier work that uses only an upper bound and not the asymptotically
sharp cluster expansion-based estimate can be found in [7,8].

3.5. Microscopic reconstruction. The reverse procedure of coarse-graining, i.e.,
reproducing “atomistic” properties, directly from coarse-grained simulation meth-
ods is an issue that arises extensively in the polymer science literature, [31L40]. The
principal idea is that computationally inexpensive coarse-graining algorithms will
reproduce large scale structures and subsequently microscopic information will be
added through microscopic reconstruction, for example the calculation of diffusion
of penetrants through polymer melts, reconstructed from coarse-grained simulation,
[31].

In this direction, the CGMC methodology discussed in this section can provide
a framework to mathematically formulate microscopic reconstruction and study re-
lated numerical and computational issues. Indeed, the conditional measure
A(o)v(do|n) in the multi-scale decompositions [B:9) and [BI3]) can also be viewed
as a microscopic reconstruction of the Gibbs state (1)) once the coarse variables n
are specified. The product structure in ([BI1) and BI2]) allows for easy generation
of the fine scale details by first reconstructing over a family of domains given only
the coarse-grained data and gradually moving to the next family of domains given
now both the coarse-grained data and the previously reconstructed microscopic
values.

In view of this abstract procedure based on multi-scale decompositions such as
B3), we readily see that the particular product structure of the explicit formulas
B23) and [B24)) for the case of the dimension d = 1 yields a hierarchy of recon-
struction schemes. A first-order approximation can be based on the approximation

Ao) = 1 (cf. B2I), B.23)):
(a) first, R(n) defined in [B:23)) provides the coarse-graining scheme, which will
produce coarse variable data (k) for all k;
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(b) next, we reconstruct the microscopic configuration o°¥*" consisting of the

o*’s in all boxes (coarse cells) with k even using the measure v (do
g n
e Pk Z3 11 (6%,0) Zi_a (
Zr—1,k,k+1(0,0)
tion n(k) from (a) above;
(c) finally, we reconstruct the microscopic configuration in the remaining boxes
e*ﬂ(HerWk—l‘k*Wk,kﬁ—l)

with & odd using vy (do|n) = A Gy Py(do* | n(k)), given

00 )Pk (% | n(k)), conditioned on the coarse conﬁgura—

the coarse variable n(k) from step (a), and the microscopic configurations
ove" from step (b).

We note that this procedure is local in the sense that the reconstruction can be
carried out in only the “subdomain of interest” of the entire microscopic lattice
Ap; this is clearly computationally advantageous because microscopic kMC solvers
are used only in the specific part of the computational domain, while inexpensive
CGMC solvers are used in the entire coarse lattice Ay;. Further discussion on the
numerical analysis issues related to microscopic reconstruction for lattice systems
with long-range interactions can be found in [23125]26]39].

4. SEMI-ANALYTICAL COARSE-GRAINING SCHEMES AND EXAMPLES

Next we discuss the numerical implementation of the effective coarse-grained
Hamiltonians derived in Theorem B3] We begin with a general implementation
scheme and we subsequently investigate further reductions of the computational
complexity for particular examples in one and two space dimensions.

4.1. Semi-analytical splitting schemes and inverse Monte Carlo methods.
One of the main points of our method is encapsulated in (B:25]): the computationally
expensive long-range part for conventional Monte Carlo methods can be computed
by calculating the explicit formula given in [B3) in the spirit of our previous work
[24]. Then we can turn our attention to the short-range interactions where Monte
Carlo methods, at least for reasonably sized domains, are inexpensive. More specif-
ically for the evaluation of the short-range contribution in ([B:25) we introduce the
normalized measure

(4.1) Pu(do® [ (k) = ———

Zx(n(k); 0,0)

where the sum is computed with free boundary conditions on Cy, and Zj(n(k);0,0)
is accordingly defined as in (B:IEI) Thus ([B.20) can be rewritten as

@2) B =000+ > Ve ke = 1), m(k), n(k + 1)),

keA k:even

where, based on [B28) and (@I), we defined the three-body coarse interaction
potential

[/ 1 — o o
Wi k= 1) 0+ 1) = =3 o [ 80l (0)

(4.3) X By_1(do* 1 [k — 1)) Pi(do® [ n(k)) Pryr (do® T [k + 1))

The main difficulty in the calculation of (&3] is that for the three-body integral
one needs to perform the integration for all possible combinations of the multi-
canonical constraint. On the other hand all simulations involve only short-range
interactions and need to be carried out only on three coarse cells, rather than

e PPy (do® (k)
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the entire lattice. Practically, the calculation of (3]) can be implemented using
the so-called inverse Monte Carlo method, [27]. We sample the measure P, using
Metropolis spin flips and subsequently we create a histogram for all possible values
of (k) =>_,cc, o(z). Then we compute the above integral by using the samples
which correspond to the prescribed values n(k — 1),n(k) and n(k + 1).

A complementary approach in order to further increase the computational effi-
ciency of the schemes presented in Theorem [B3]is to rearrange the splitting based on
the size of the error in ([8.:29]). Indeed, these estimates suggest a natural way to de-
compose the overall interaction potential into: (a) a short-range piece J including
possible singularities originally in J, e.g., the non-smooth part in the Lennard-Jones
potential, and (b) a locally integrable (or smooth) long-range decaying component,
Jy. Thus, if K(z,y) is the short-range potential in ([Z1]) we can rewrite the overall
potential as

(4.4) K(z,y)+ J(z,y) = Js(z,y) + Ji(z,y) .

In this way the accuracy can be enhanced by implementing the analytical coarse-
graining ([B3) for the smooth long-range piece J;(z,y), and the semi-analytical
scheme (3.20]) for the “effective” short-range piece Js(z,y).

4.2. Multi-body interactions. Existing coarse-graining methods, e.g., [16], em-
ploy an inverse Monte Carlo computation involving both short and long-range inter-
actions, and due to computational limitations have to disregard multi-body terms
such as the ones derived in this paper, e.g. Theorem B3l The splitting approach
developed here allows us to calculate analytically the approximate effective Hamil-
tonian for the costly long-range interactions, (33]) in 825]) or (#4)), and in parallel
carry out the inverse Monte Carlo step for (2). The necessity to include multi-
body terms in the effective Hamiltonian was first discussed in [2] together with
their role in the proper coarse-graining of singular short-range interactions. For
nearest-neighbor lattice models, coarse-graining schemes involving only the single-
body interactions such as (B:27]) were proposed in [9], while two-body interactions
were considered in [IT]. As we will see next, such two-body coarse-grained cor-
relations are contained in the three-body terms in ([B28)). Furthermore, we can
precisely quantify the regimes where multi-body terms ([B.28]) are necessary in the
context of a specific example.

4.3. A typical example: improved schemes and a posteriori estimation.
We examine the derived coarse-graining schemes in the context of a specific, but
rather typical example. We consider the Hamiltonian

(15) Hx(o) = Hy(0) + Hy(0) = K 3" o(0)oly) — 5 3 Tz~ )o(wloly).

() (z,9)

where by (x,y) we denote summation over the nearest neighbors, i.e., |z —y| =1,
and by (z,y) the long-range summation as in (Z2]). Although we follow the splitting
strategy discussed in the previous paragraph we present a simplified numerical
algorithm by carrying out further analytical calculations. Not surprisingly, such
calculations allow not only for easier sampling in the semi-analytical calculations
of the inverse Monte Carlo, but give additional insight on the nature of multi-body,
coarse-grained interactions.
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For the short-range contributions, given a coarse cell Cy with ¢ lattice points,
we denote by z1,. .., 2, the lattice sites in C. With this notation, following (£3)
the short-range three-body interaction is given by

5,0 1 — oY (x,)o" 1 ok (xg )kt €1
Vi D (0 = 1), (k). (k4 1)) = =5 log / e PR @ @)+t (@)ot T @)

(46)  x Bu_y(do* [k — 1))Pu(do™ | (k) Py (do* 1 |k + 1)).

The main difficulty in computing the second term is the conditioning on the
coarse-grained values n(k — 1), n(k),n(k + 1) over three coarse cells. At first glance
this requires that we run multi-constrained Monte Carlo dynamics for every given
value of the 7’s, i.e., for ¢ variables. However, as we show in the sequel, when
dealing with a particular example, e.g., the nearest neighbor interactions, the com-
putationally expensive three-body term reduces to a product of one-body terms.
We first rewrite

eiﬁKa,kfl(zq)gk(ml) —q— bo_k—l(xq)ak(xl) ,
where we set
a =cosh(BK), b=sinh(8K), \=tanh(8K).

Moreover, we introduce the one- and two-point correlation functions

BE () = / o(2)B(do® (k) and  B2Y(py) = / o(2)0 (y) Pu(do® | (k)

By symmetry we have that ®;' = @zq and similarly, consider @il’wq for x = x4
and y = z4. Furthermore, these functions depend on k only via the coarse variable
Nk, hence we now define

(4.7)
B (1) ::/a(atl)Pk(dok|n(k)) and  ©2(n;) ::/0(:101)0(:10,1)Pk(d0k\77(k)).

It is a straightforward computation to show that

Vo0 ok —1), (k) n(k+1)) = —% loga
—% tog (1= M@ (nlk — 1)) (k) — AL (k)2 (n(k + 1)
(48) EX0 (n(k — 1)27 (k)@ (n(k + 1)),

Although these are three-body interactions, the additional analytical calculations
reduce their computation to the nearest-neighbor Monte Carlo sub-grid sampling
of [@1). Moreover, from ([B.20) we have

N2k ag) ot (21) (@2 (n(k)) — (2 (n(k)))]
(1= A= 1(zq) @ (n(k))) (1 = Aokt (1)@ (n(k)))’
thus the following estimate holds for some C' > 0:

(4.9) sup  [fiy kil < CX?|@*(n(k)) — [®@"(n(k)]*| = ©(m; A)

ok—1 gk

Fo1 k1 (n(k); okt Uk“) =

where the right hand side © is an a posteriori functional in the sense that it can be
computed from the coarse-grained data.
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4.3.1. Analytical formulas for CG interactions and complezity reduction. We can
further reduce the complexity of the Monte Carlo sub-grid sampling of the quanti-
ties ®!(n;) and ®%(n;) in @) and the a posteriori error indicator ([f9), through
their calculation or approximation by analytical formulas, when they are available.
This approach will be especially relevant in higher dimensions as we also discuss
in Section [0l We can derive such analytical approximations in two different ways.
First, exact analytical formulas for the correlation function O(ng; ), as well as
®!(nx) and ®2(ny), can be easily obtained with direct calculation replicating the
unconstrained case, e.g. [I7] Chapter 3.5; or alternatively via the analytically avail-
able correlation function of the nearest neighbor Ising model in the presence of an
external field, and the equivalence of ensembles manifested in the coverage/external
field phase diagram, [3L[17,[38]. Both approaches yield

(4.10)

Olm: N) = [82(n(k)) — [@ (n(W)]?] = exp (= =20l = o (— L),

fn.n. fn.n.

where &n.n. is the correlation length on the nearest-neighbor Ising model for an
external field corresponding to coverage 7(k) through the corresponding phase dia-
gram. In general, relations such as ([{I0) hold away from phase transition regimes,
and can also be used in coarse-graining schemes for higher-dimensional lattice sys-
tems; see in addition Section

On the other hand, a high temperature expansion of the quantities ®!(n;) and
®2 (1) yields much simpler approximations, which however are more restricted in
their applicability:

(4.11) ®l(n) = Elo(z)|n]+ O :gwm,
2 = g\x)o = m
(4.12) ®°(n) = Elo(z)o(y)[n] +ON) G=1 +O(\).
Then,
) o 22162 (12 s =1
(4.13) O(m; \) = A?[d? — (12| = A 21 +O(N\%).

Thus the condition ([B30) of Theorem B3] and the derived coarse-grained approxi-
mations can be conditionally checked during simulation by
/\2 172
(4.14) swp il < 02 (1 55) + 00,
ok—1 gk+1 q— 1 q
We note that [@I4]) suggests a quantitative understanding of the dependence of
the coarse-graining error for the nearest-neighbor Ising model. The error increases,
(a) when the parameter A? increases, i.e., at lower temperatures/stronger short-
range interactions, (b) when the level of coarse-graining ¢ decreases, and (c) at
regimes where the local coverage 7 is not uniformly homogeneous, i.e., away from
the regime n ~ +¢. Such a situation occurs, for example, around an interface
in the phase transition regime. This is the case even in one dimension if long-
range interactions are present in the system. Similarly, (£9)) and (#I0) along with
B3) provide an even more detailed understanding than ([B36) of the parameters
affecting a suitable coarse-graining level ¢, for systems with both short- and long-
range interactions.
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5. COARSE-GRAINING SCHEMES IN HIGHER DIMENSIONS AND PROOFS

In this section we prove Theorem [3.3 and its generalization in higher dimensions.
We formulate the proofs in full generality, assuming a d-dimensional lattice. As in
the one-dimensional case considered in Section [B.3] our approach here will also
consist of two main steps: (a) a multi-scale decomposition of the Gibbs states (9]
in all dimensions, and (b) a rigorous cluster expansion to obtain a convergent series
such as (B3T)).

Here coordinates of lattice points are understood as multi-indices in Z%. We
start by constructing the a priori coarse-grained measure induced by the short-range
interaction. We perform a block decimation procedure following the strategy in [33]

and partition Aj; into 29-many sublattices of spacing 2. Let eq, o = 2,3,...,2¢ be
4134343
2] 1] 2]1]2
4| 3 rifz 43
1] 2 ﬂ—@JzC 1] 2
413 4|3|4]3
tl2f1f2]1]2
d=2,a=2,... 4 d=3a=2,...8

FIGURE 1. The sublattices A$, covering the coarse lattice Ajpy.
The vectors e, defining translations of the first sublattice A}, are
depicted for d = 2,3. The cells on the two-dimensional lattice are
numbered with values of & = 1,. .., 4 according to which sublattice
A%, they belong.

vectors (of length ¢) along the edges of Ay as demonstrated in Figure [ for d = 3.
We write the coarse lattice as union of sublattices

2(1
(5.1) Av = A%y,
a=1
where A}, = 2Ay, A3, = A}, +es and 1_\‘])(4"'1 =AY +eqy1, fora=1,...,2¢ - 1.
Given a coarse cell Cy we define the set of neighboring cells by
8Ck = U Cl 5
{L: l1=kl=1}

where ll—Fk| = max;=1 4|l —ki|. Wealsolet Dy := CrUIC}. Given a sublattice
% we denote by ¢ the microscopic configuration in all the cells C} € A}, and

by 0~% the configuration in /_\@ for all 8 > . We also define a function p : Ay, —
{1,...,29} such that for k € Ay, we have p(k) = « if C), € AY,.
We split the short-range part of (1),

H¥(0)=)_ > Hie®)+Y > Wilo®07"),

@ kel a kel
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where, for k € AY;, the terms Hy(0®) are the self-energy on the boxes C}, given by
S Unier
XCCy

Moreover, the energy due to the interaction of Cj, with the neighboring cells is given
by
Wi(o®; 07%) = Z Ux(c®Vo~%),
XCDy,

where 0 V 0> is the concatenation on A%, and A7f.

5.1. Multi-scale decomposition in two-dimensions. To better illustrate the
construction of the decomposition ([F9) we first present the two-dimensional case.
Next, we construct the reference conditional measure v(do|n) in (83), under the
constraint of a fixed averaged value 7 = {n(k)}rcx,, on the coarse cells.

Step 1. The starting point is a product measure on Cj for k € A},. We let
A1 (k) = C) and after appropriate normalization we obtain

e~ BHY (o H Pi(do) = H H ( —BH (o ﬁWk(J“;0>“)pk(dJa)>

keAnr a>2 k?EA"‘
(5.2) x [T 2(Ai(k); 07 (k) vii(deh),
keA},
where
1 >1
1 1 — 75W}€(0' ag ) 7ﬁHk P

keAl,

is the new prior measure on A}, with boundary conditions 0>! and the canonical
constraint n(k), k € A};. The partition function

Z(Av(k); 0 i m(k)) = / ¢ PHE) =B Wk(e 507 by (4o )

depending on the boundary conditions o>! on the set 9A; (k) couples the configu-
rations in C; with [ € dA;(k). In particular, it couples the configurations o2 and
gives rise to a new interaction between them for which it will be shown that it is
small due to Condition B.1]

Step 2. Moving along the vector e; we seek the measure v2, on {+1, —1} *<*i O
Given the partition function Z(A;(k);o0>!;n(k)) we denote by SJEQZ the partition
function on the same domain A, (k) as Z, but with new boundary conditions which
are the same as Z in the +es direction, free in the —ey and unchanged in all
the other directions. Similarly, we denote by S; . Z the partition function with
free boundary conditions in the direction +es and by SP e, Z with free boundary
conditions in both Fes directions. With these definitions we have the identity

(92 2) (S, 2)
(52, 2)

(5.4) Z(Ai(k); 07 (k) = (1+ @),
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where we have introduced the function <I>,1C which contains the interaction between
the variables 0>!, and it is given by

y o Z(Ai(k); 07 tin(R)) (SR, 2)
o} = (5;62 )(SkeQZ) ~1.

In this way we split the partition function Z into a part where the interaction
between the cells Cy_., and Ci., is decoupled and an error part which is to be
small.

The next step is to index the new partition functions (S’,iQZ) and (S) ,,%)

(which are functions of o2 indexed by k € A};) with respect to k € A%Z,. We have

H (Sl—:ez )(Sk_,eQZ): H (Slj e2,e2 )(Sk:_-l-eg,ez )

keAl, keA?,

Then if we neglect for a moment the error term (1+ ®}), in order to define v2, we
have to deal with the following terms:

[ (50207 I [e?ieesWesey st | 2)(Sy,e, 0, 2)Prldo®)]

keAl, keA2,
The terms in the second product contain all possible interactions in the set
(5.5) As(k) = Cr—ey U Ck U Cle,
for k € A%, with the corresponding partition function being given by

Z(Aa(k); 0™ n(k)) = / P BB TN(SE L D) (Sisey ea D) Pi(do?).

By normalizing with this function we obtain the measure

1
v2,(do?) = [
207 = 1 |z
(5.6) x e PV (SE 2N (S ey 00 2 Paldo?)

Note that the factor (S}, Z)~' depends on 7 as well as on 0~? and hence we
will need to further split it when we define a measure on the variables on which it
depends. Summarizing the first two steps we have obtained that the left hand side

of (£2) is equal to

[I z(ask)y;0™%0k) T (52,2070 JT (L + @) | v25(do®)ds (do).

keAZ, keAl, keAl,

If we are interested in the case d = 1, this would be the final expression. However,
for higher dimensions we need to repeat the above steps. We give one more step
in order to obtain more intuition on the relevant terms and then we give the final
expression in agreement with the result in [33]. The proof of the general formula
is done with a recurrence argument on the number of steps, and for the details we
refer to [33].
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Step 3. To proceed in the next step along direction ez we split Z(Az(k); 0”2 n(k))
(which couples the configurations in C} with p(k) = 3) in the same fashion as
before. We have

+ _
Z(As(k);072%5m(k)) = (Sk €3 )(Sk,egz)

(SR.ea?)

(@} +1),

where

Z(Az(k); 072 n(k)) (S} ., Z)
(Sl:reg )(Sk,eg Z)

We further change the indices in such a way that they are expressed with respect to

k € A3, and then we glue the partition functions on Cy, A2(k —e3) and Aa(k+e3).

We define

—-1.

q)i =

Ag(k) = Ck @] AQ(k - 63) U Ag(k + 63)

and
Z(AB(k);J>3;77(k)) ::/ 75Hk675w}€(0 i (Sk+ es,e3 )(SI;+63 es )Pk(das)'

The corresponding measure is

1
v3.(do?) = [
-07) = | o
(5.7) x e PR WS (G Z) (S >Pk<das>],

and the left hand side of (B.2]) is now equal to
H { /3Hk(a4) —BWi(c* o'>4)Pk dO’ } H Z(As(k 7 n(k)) H (327632)—1

keAs, keA%, keA?,
< [T 227t TT @+ 2 [T 0+ 2p)rds(do®)vd,(do?)vd, (do).
keAl, keAZ, keAl,

As in the previous steps we can perform the usual actions on the partition function
Z(A3z(k); 073;n(k)) which will give rise to a new element A4(k) with k € A%, and
new error terms <I>i with k ¢ /_\‘}V[. Furthermore, we have a similar splitting for
the factor (52782 Z)~! which also depends on o4, since the zero boundary condition
involves only the direction es. For dimensions higher than two, related calculations
will involve all the terms of similar origin as we move to new sublattices A%, with
a > 4. Finally, the reference conditional measure v(do|n) in [B3), in the two-
dimensional case is

A 3 2 1
v(do|n) = v, v33vi,0s .
Concluding, in the case of the two-dimensional nearest neighbor Hamiltonian, we

obtain that the leading term in the approximation of the coarse-grained Hamilton-
ian Hj, consists of terms that refer to four different types of multi-cell interactions,

ETISV’[(O) = Z log Z(Ay(k Z log Z(A4(k
keAl, keAZ,

(5.8) + Z log Z(Aa(k Z log Z(A4(k
keA3, keAy,
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1| 3| af 3| 4 1| 3| 4| 3| 4
2| 1| 2|1 o2 1| 2f 1
1| 3| 4| 3] 4 afl 3| af 3| 4
nf 2| 1f 2|1 tf 2| uf 21
] ]
Tl (et s Rtk 1| 3| 4737 4
k)., ke A k). ke A,
4| 3| 4| 3| 4 a| 3| 4| 3| 4
2| nf 2| w2 1] 2|1
|
]
a| 3| 4| 3[4 af s af s[4
1 : T T
2| uf 2)i 2| 1| 2|1
3 1 1 1
}
| ;
4| 3| 437 4 P el s e o Y
Au(k), ke A}, Au(k), ke Ay,

FIGURE 2. The index sets A4(k) for k € AS;, a =1,2,3,4, d = 2,
depicted as shaded cells. The cells in each lattice are numbered by
o denoting the sublattice A§, to which the cell belongs.

where A4(k) is a collection of coarse cells centered in k € A$, and it is different
depending on the sublattice to which the reference cell k belongs. For a = 1,2,3,4
we have

14
Ui,je{—LO,-&-l} Chtiestjess k€ ANy

U' — C’C+ jes » k € [_\3

A k = Je{ 1,0,+1} J€s _M

(=1 g Lol
Uie{—1,07+1} Crties » keAl,.

Figure 2 depicts the index sets A, (k) for the reference cell k belonging to Ag, for
a=1,...,4.

5.2. Multi-scale decomposition in higher dimensions. We focus on the rele-
vant quantities which are the reference measure v (do®), the error term ®¢, with
k € Ay, and the sets A, (k) and B, (k), with the latter being the relevant boundary
of A,. The index « indicates the sublattice we are considering.

Definition 5.1. The sets A, (k) and B, (k) for k € A, are

Ay (k) = U Cy, Ba(k)= U .
Llli=kl=1,p(l)<a Lli=k[=1,p(l)>a
Definition 5.2. Given a =1,..., 2¢ we define the normalized Bernoulli measure
on A%,
(5.9) ve,(do®) H V. (k) (do®)
keAs,
where
(5.10)

e—,BH,i (Uo‘)e—BWk(UD‘; o= %)

Vgcx(k) (do®) = Z(Aq(k); o> n(k)) Z(Aa(k)/{k}: o7 n(k)) lel];[(k) P(do®)
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As we have seen in Step 3 we have two kinds of error terms ®¢, in particular,
those with k € A, and others with k ¢ A$,. In order to describe the latter we
need to introduce additional notation.

For a = 1,...,2% we denote by I'y, the family of parallel hyperplanes of dimension
d — 1 orthogonal to e,41 passing through all the points k € A,. Note that for
any «, we have that Ay; = I'y U (I'y + €qy1). In the next definition we introduce
a new parameter €,(k) € {£1} depending on whether we should perform gluing
or unfolding as discussed before. This is determined as follows: for fixed o € Ay
let d(a, B) be the distance between the sublattices A, and A%, in the metric |la —
Blloo = Z‘Ll |ty — Bi]. Moreover, we can find orthogonal vectors {v;};—1, . d(a,8)
and a family of signs {€;};=1,.. 4(a,5) such that

d(a,B)

= Afd +v(a, B) with ~(a, 8) = Z €5V .

j=1
Note also that |y(a, 8)| = d(c, 8). Then the exponents €, (k) with p(k) = 8 are
given by

ea(k) = (=1 (@A

Furthermore, we denote by Y (k,~v(a,)) the affine hyperplane of codimension
|7(c, B)| orthogonal to the connecting vectors {v; };—1,... |y(a,8)] and passing through
the point k

Y (K, ~( ﬂ Y (k,v;)
Jj=1
where Y (k,v) is the hyperplane of dimension d — 1 passing through & and being
perpendicular to the vector v. From the set of coarse-lattice points belonging to
Y (k,v) we define the corresponding set by

y(kvﬂy(aaﬂ)) = U Ol'
leY (k,y(a,B))

Then, letting k € /7\?(4, for [ such that C; C 9C) and with [ € A@, for some (3, we
define

_ 0 if p(1) > 24
(5.11) Aall) = {Aa(k) NY(l,~v(a,B)) otherwise,
(5'12) Ba(l) = Ba(k) N y(la ’}/(Oé, 6)) :

With the above definitions we can determine the error terms in the general expan-
sion.

Definition 5.3. For any k € A$; and for k € T, the error terms are given by

Z(Aa(k); 0”5 n(k)) Z(Aara (k) 0= (k)
(St enss ) (Stenn ) '

k,eat1 k,eat1

=1+

Moreover, if k € T, + 441 and k ¢ ]\O]\‘jl we have

75&(]“)
Z(Aa(k); 07 (k) Z(Aar1(k); 0= F (k)

( 2_ €a+1:€at1 )( k}+ea+1,€a+1z)
Furthermore, if k€AS, " we replace Z(Ay11(k); 07 by Z(Aat1(k)k}; 0>,

o = —1+
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From Proposition 2.5.1 in [33] we have that the general d-dimensional formulation
of the a priori measure induced by the short-range interactions is
e PN TT Py(do) = R*(n)A(o)v(doln),
keAns
where we have the following factors:

(i): a product of partition functions (depending only on the coarse-grained
variable n) over finite sets of coarse cells with supports Aya(k), with k € AS;
and a =1,...,2¢

(5.13) H TT |20 (): mk)) ]

a=1keAg,

(ii): error terms in the form of a gas of polymers (with the only interaction to
be a hard-core exclusion)

ST 0 I1 oo,

a=1;<2d(e) yeRd,

(iii): a reference measure induced by only the short-range interactions once
we neglect the reference system and the error terms

v(do|n) = 2 v2,ul .

With this expansion for the short-range interactions, going back to the general
strategy presented in Section [3 if we also consider the long-range contribution
from ([3.2), we obtain

e~ BHM() /efﬁHﬁvefﬁHir HPk(da)
k

= IRy [P A (dol).
which implies that

(5.14)  Hu(n) = H*O(n) —log R*(n )—ElogE e PEN YD) A ]

5.3. Cluster expansion and effective interactions. The goal of this section is
to expand the term E,, [e’ﬂ(va(")*HMO)(”))A(U)|77] in (5I4) into a convergent series
using a cluster expansion. By the construction given previously the terms in A(o)
are already in the form of a polymer gas with hard-core interactions only. For the
long-range part we first write the difference HY (o) — H:()(n) as

Hy (o) = H"©(n) =Y ApJ(o), where
k<l

(5.15) A (o) = —% Y. U=y = J(kD)o(@)a(y)(2 - du) .

zeCy,
yeC,y#x
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We also define f,(0) := e #2x7(9) — 1 and we obtain
(5.16)

B, [~ BUN @)= @) 4] = /H 1+ fu) H I II t+e)wdoln).

k<l a=1 j<2d(a) keAJ

We define the polymer model which contains combined interactions originating
from both the short and long-range potential. By expanding the products in (5.16)
we obtain terms of the type

p q
H(I)zj Hfliymi where kj,li,mi S 1_\]\/[ and aj € {1,...,2d}

j=1 i=1

for some p and g. The factors @zj are functions of the variables which are on the
boundary of the corresponding sets A,; (k;). This boundary is described by the set

Bo(k)  ifkeT,,
(5.17) Cok) = { Dolk) ke
Ba+1(k) ifkel,+ €at1-

Furthermore, since the measure v(do|n) is not a product measure but instead a
composition of measures each one parametrized by variables which are integrated
by the next measure, we need to create a “safety” corridor around the sets C§
depending on the level of c. This is given in the next definition. For a given integer
B with 1 < 8 < 2¢ — a we define

(5.18) Cy(k) = U U ).
€156 €{E1}P L:CICO(Chteiey 1 +...4egeqyp) P >atp

Then for given a € {1,...,2%} we call a “bond” of type C* the set
29 o

(5.19) c k)= J Cg(k)
B=0

With this definition, any factor <I>g; has a region of dependence which is given by

the bond C(k). Similarly, for the factors fi, m,, originating from the long-range
interactions the initial domain of dependence is Cj, U C,,,. However, due to the
non-product structure of the measure we need to introduce a safety corridor in the
same way. Given k € Ay for 3 an integer with 1 < 8 < 29 — p(k) we define

(5.20) Cs(k) = U U C.
€1,0,6 E{E1}P LCI1CO(Citeren i+ tegeqys) P >p(k)+B
Then for a given fj; we define

2% —p(k) 29—

(5.21) U Cp(k U Cﬁ

With a slight abuse of notation we define for Ry = {k1,..., kg, |}

[Ro| 2% —p(k:)

(5.22) U U Cs(k
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A bond [ will be either a C} bond for some «, k, called a bond of type 1, or a
C(Ry) bond, where Ry is any subset of Ay, and we call it a bond of type 2 and we
denote it by £. We say that two bonds I; and l5 are connected if Iy Nly # 0. We call
a polymer R a set of bonds (I1,...,1,;¢) where lq,...,l, are bonds of type 1 and
£ is a bond of type 2, i.e., there is a unique Ry such that ¢ = C'(Rp). A polymer
is called connected if for any two elements there exists a chain of connected bonds
in R joining them. The support supp(R) of R is supp(R) = |J5_,1; U ¢ and the
cardinality |R| := p + |¢|. Let R be the set of all such polymers. Two polymers
Ry, Rs are said to be compatible if supp(R1) Nsupp(Rs) = 0 and we write Ry ~ Rs.

Given a polymer R = (l1,...,1,;£) we define the activity of R to be the function
w: R — C given by

(5.23) w(R) = / (doln) H‘I’J > oI

9€CR, {k,I}€E(g)

where Cr, is the collection of connected graphs on the vertices of Ry C Ay and
E(g) is the set of edges of the graph g. Note also that from each [; we read a;, k;
and from £ we read Rj.

We define a new graph G on R which has the edge R;-R; if the polymers R;
and R; are not compatible. We call G C R completely disconnected if the subgraph
induced by G on G has no edges. Let

IR|
D = U{(Rl,...,Rn)CR: Vi #j, Ri ~ R;};

then the partition function Z can be written as
7= Y Twtn
GeDr ReG

which is the abstract form of a polymer model. Thus we can apply the general
theorem of the cluster expansion once we check the convergence condition. The
condition is stated as a theorem in [5].

Theorem 5.4 ([5]). Let a: R — R,. Consider the subset of C*,

P = {w(R),ReER:VReR: |w(R)e™ < 1and
> (= log(1 — [w(R)]e"F))) < a(R)} .
R'~R

Then on P%, log Z is well defined and analytic and
(5.24) log Z = Z cr H w(R)'#
I€Z(R) Resupp()

where I = (Ig)grer, Z(R) is the collection of all multi-indexes I, i.e., integer valued
functions on R, and

1 gimtHrig o gZ
Ig,!.. -IR‘R\! ATr w(Ry)...0 1% 4y (R\R\)

cr = ‘{w(Ri):O}i :

For the proof we refer to [5]. Thus we need to check the condition of convergence.
The following estimate for the long-range potential was proved in [24].
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Lemma 5.5. Assume that J satisfies (2.2). Then there exists a constant Cy ~

(5.25) sup Z |AMJ | <Cy,
kEAMl 1#£k

for every o.

For the short-range interaction we follow the analysis of [33] and we consider the
following condition.

Condition 5.1. Let e be a vector in one of the directions of the lattice Ay, and
Zy(A;o_,04,7;mv) be the partition function for the interaction U in the space
domain A. We consider boundary conditions oy in the directions +e and 7 in all
other directions. Moreover, we impose multi-canonical constraints n(k) for k € V C
Ay with A = Urev Ck- For a given g > 1o, with |Cy| = q%, the following inequality
holds:
Zy(Aso— 04, 7mv) Zu(A;0,0,75mv)
sup sup sup —
orr A v | Zu(N;0,04,miny) Zu (Ao, 0,7imv)

where given the numbers r = 224[3(2¢+1 4 1)]4 and Jy determined in Lemma
the upper bound C; satisfies

1 §C27

rCae < 0.

Notice that we work with the same condition as Condition C}, defined in [33],
where in our notation L is ¢, yet similar analysis applies in order to prove conver-
gence of the cluster expansion under the milder condition of Condition C7, again
as in [33]. We skip the analysis of such issues since it goes beyond the goal of the
present work, however we note that in the one-dimensional case, (£9) and (ZI0)
allow us to estimate Cy. Furthermore, these conditions are related to the ones
presented in [I2] in order to ensure that a given system belongs to the class of
completely analytical interactions. For further details we refer the reader to [32]
and [4] and to the references therein.

We next prove the convergence condition.

Lemma 5.6. There are §; and o small enough such that if C; < d; and Cy < 6o,
then the set P% is non-empty.

Proof. We take a(R) = c|R|, where ¢ is a constant to be chosen later. Note that
—log(1l — z) < 2z, so it suffices to show that

(5.26) > 2w(R)[eR) < a(R).

R'=R
Suppose that the generic polymer R’ is given by R’ = (I3, ...,1,; ), for some p > 0,
where I; = Cag(k;) for j=1,...,pand ¢ = C(R}) with |Rj| = n for some n > 0.
For |w(R')| we have

w(R)| < / dUIWHI‘PaJI 'S T il
9ECH; {kI}EE(g

By the graph-tree inequality we have that for all o, n and with |Rj| =n

> I fm|<e"012 I 182uI().

9€C {k1}EE(g T0eT0 {k,}er0
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where from Lemma [5.5 we have that C; ~ qd%HVVHOO. We also let sup, |AgJ(0)]

< Ay with Ay = (12‘1%%||VV||001(,C 1): j1—k|< L - Moreover, from Condition B.1] we
o —aq

have

p
[ vtdoin T] 151 < (cor.
j=1
Then for the activity w(R’) we obtain

(5.27) (RN < e Y7 T (BAw) - (Ca).

TOETO {k,l}eT0

Thus to satisfy the sufficient condition for the convergence of the cluster expansion
we first bound the sum )., 5, by

sup  [supp(R)| > :

Focsupp(f) R': supp(R) >{ko}

where |supp(R)| < C(p + n) with C := max,  |C*(k)|. The fixed coarse cell Cj,
may belong to one of the [;’s for j =1,...,p or to C(R(). We obtain:

> (R

R’ supp(R") > {ko}

1
/ /
< X W) > pmy D (Rl
p>1 Lyl n>2 k1=ko,

1, 0{ko} Kaseoikin

I PIp o M SRS o

ki=ko, p>1 _P1l,---s Pn ll
ko,....kn Zi—lpi—p

.....

Next, we use (5.27) where for every tree 7° we have that

sup > [ (BAk,) < (BCH
keR’ k1 e
ko

,,,,,,

i,jE€TO

By Cayley’s formula ) o701 = n"~2 and the fact that the cardinality of the sum

Ll can be bounded by 7P, where r = 22d13(2d+1 4 1)]d ig an upper bound
1 Wp

P liD{ko}
for the maximum number of C*(k) bonds that can pass through a point, as showed
in [33], we obtain the geometric series

rCye
R/ cp < C P
SN e < Sy - 12
P>l lly p>1
f:l l'i:){k()}
when there are only links of type 1 (short range),

Z ﬁ Z ‘w(R’)lecn < 6,301+C Z(ﬁcleﬁcl+c)n_1

n>2 " ki=ko, n>2
ka,....kn
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for only links of type 2 (long range) and

Serm L X T e T e

n>2 ! ki=ko, p>1 Pl>-Pn 1 11
k2,....kn i pi=p T o

<3 ﬁ S fol)e (%)

Coe rCse
< BCiHe 26 CrePC1He 20 yn—1
= Z(ﬂ 1 1—rCse
n>2
for the mixed case. Choosing ¢ = 1, there are §; and s sufficiently small such that
if C; < 871 and rCae < (52, then

(5.28)
Ci+c_rCse
rCse eﬁclJrl ﬂ016501+1 I BCH +c rCse C 1— réze < i
1—rCse 1 — pCefC1+1 1—rCrel —efCite Ll = CF
hence (526]) holds. O

Summarizing, one can formulate the d-dimensional version of Theorem

Theorem 5.7. Let

(0 1,(0 75,(0
(5:29) Hy () = Ay (n) + 2y ().
where EIJZ\’/[(O) (n) and ETISV’I(O) (n) := —log R*(n) are given in [33) and (5.I3) respec-
tively (for d = 2 the latter is also given explicitly in (5.8])). Then, we have the error
bound

L

The loss of information when coarse-graining at the level ¢ is quantified by a specific
relative entropy error similar to ([B:29). Moreover, there exist d1(8,d) > 0 and
02(B,d) > 0 such that if C; < ¢; and if Condition [5.] holds with Co < 02, then

Hy—-H 1(\9[) is expanded in an absolutely convergent series in the parameters C; and
CQZ

(5.30)  Har(n) = Hy () + Hy) () + ...+ HE () + MO((max{Cy, Co})P+Y),

where the terms H ](5) are determined by evaluating the terms of the series (5:24)).

Proof. It is a direct consequence of Theorem 5.4l and Lemma, [5.0] O

Remark 5.1. As we also discussed in Remark [33]in a one-dimensional setting, esti-
mates such as the ones in Theorem .7 relying on the constant Cy of Condition (5.1
are sharper than the estimates in ([8:29) which are derived from a counting argument

such as (B.21]).

Remark 5.2. For more general boundary conditions than periodic, e.g. zero, we
need to confine the system in a box A and fix a configuration outside. With mi-
nor modifications in the proof (essentially splitting into cells well inside the bulk
and cells that can be affected by the boundary conditions), Theorems B3] and £
still hold true, but with an extra error coming from the cells interacting with the
boundary of the box which will be even smaller by a factor |OA|/|A].
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6. COMPUTATIONAL COMPLEXITY OF COARSE-GRAINING SCHEMES

One of the outcomes of the numerical analysis of coarse-graining schemes via the
cluster expansion analysis (B3] is the reduction of the complexity in the calcula-
tion of each of the terms in the series into a combination of low-dimensional local
potentials, e.g. (B3) and ([B26]). Therefore, a key challenge in the implementation
of these coarse-graining methods is to develop strategies that efficiently address the
computational complexity of pre-computing local multi-body terms, for instance
B28) or (5.]). We already showed in Section [L3]in the case of one dimension that
the computational complexity of local terms such as ([B.28]) can be greatly reduced
by exact analytical calculations and/or additional approximations, yielding semi-
analytical splitting schemes which are effectively multi-body combinations of easily
computable one-body terms such as (A7), or in Section [£3.1] through analytical
expressions such as (@I0), as well as (@11 and (@I2) in the high-temperature
approximation of each of the local terms.

In two dimensions the same strategy is also applicable as we briefly outline
next. Following the approach in ([@2) we rewrite (5.8)) by replacing the partition
functions Z(A4(k)) by Z(A4(k)), which denotes a partition function with respect to
the normalized measure ([@.1]). As in the case of dimension one in Sectiondl our goal
is to simplify as much as possible the terms Z(A4(k‘)), for k € A}, o =1,3,4, and
give an algorithm to compute them efficiently. Note that in the two-dimensional
case the many-body terms seem intractable due to the multi-canonical constraints,
e.g. for the case o = 4, see Figure 2 we have to compute Z(A4(k)) for all possible
combinations of 9 values of 7.

However, for the nearest-neighbor Ising model we can perform an analytical
calculation and/or approximation and simplify the terms with significant reduction
of the computational complexity: similarly to Section 4.3, we denote the lattice
sites within a coarse cell C by x; ;, 4,5 = 1,...,¢, with 11 being the upper-left
one. We present in full detail only the computation of Z(A4(k)), with k € AL, We
also denote by k! and k" the left and right coarse cell to Cj. We have:

Z(Aq(k)) = / H [(1 — ot (240" (wi1)) (1 — Aak(xi,q)a“(xi,l))} PPy Py

q
—1-2Y (eprey! + optap)

i=1
(6.1)
42 Z ((I)Zqu)l(cz,l),(J,Q)@i,} + q);zl,q)y(ﬂq)q)](cul)(],l) + q)éz,q),(ﬂq)(I)I(CZ;l),(Ll)) + O()\3),
i<j
where, e.g. @Z’Lq = fakl ({Eiyq)]skz is a one-point correlation function and q),(j’l)’(j’Q)

= fak(xi71)ak(xj,q)l5k the two-point correlation.

The computation of Z(A4(k)) for k € A3, is identical with the k € A}, case
discussed above, while the computation of Z(A4(k)) for k € A3}, is somewhat more
involved since one has to take into account all the possible interactions within the
9-cell Ay(k), with k € A%,

These calculations allow us to reduce the 9-body term in (58] into combinations
of one-body terms; see also (L) for the one-dimensional analogue, which in turn can
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be easily calculated: for every value of n we create a library with the values of the
above functions; for each one we need to run a constrained Monte Carlo algorithm
but it should converge quite fast since it is restricted only on one coarse cell. Note
also that due to the symmetries several of the correlation functions appearing above
are the same and need to be computed once. Imposing periodic boundary conditions
on the coarse cells (instead of free) and committing an additional error can further
simplify all such calculations.

Further approximations for the local multi-body terms such as high temperature
expansions, (LI1) and [@I2), as well as analytical formulas for the correlations
(#I0) (in higher dimensions such formulas hold away from phase transitions), can
give rise to further simplifications in the multi-body terms. Finally, we can ap-
proximate log Z(A4(k)) in yet a different way by carrying out an additional cluster
expansion of the interactions within the set A4 (k).

In view of the preceding discussion regarding pre-computing multi-body terms, it
seems necessary to re-examine whether we should coarse-grain at alll We showed in
this paper that coarse-graining with controlled-errors typically requires multi-body
terms derived via cluster expansions. On the other hand, in order to avoid the com-
putations with the multi-body terms we may consider an approzimate microscopic
scheme with similar error control features. More specifically, we may consider an
approximating Hamiltonian where only the long-range potential is compressed by
a local averaging over each coarse cell, i.e., we define the new Hamiltonian,

(6.2) Hu(0) = Hy (o) + Hy " (F(0)),

where the coarse-graining map F is defined in (3] and the coarse-grained long-

range Hamiltonian Hﬁ\’/l(o) in B3). It is straightforward to show that the corre-
sponding microscopic measure has the same error estimates as the one in Theorem
3.3, where in addition the error due to the short range interactions is absent since
the corresponding part is computed exactly. This approach would be similar in
spirit to various interaction compression techniques such as the multi-pole method.

We briefly discuss how this microscopic algorithm with compressed long-range
interactions compares, in terms of computational complexity, with the fully coarse-
grained simulation. First, the multi-body CG interactions involve only the short-
range microscopic interactions and can be either pre-computed off-line as in the
current literature in polymeric and bio-molecular systems or one can employ the
semi-analytical controlled-error approximations, discussed in the paper. In either
case they will not affect the computational complexity or the CPU count of a
coarse-grained algorithm. Similarly, in ([G2)) the cost of simulating microscopic
short-range interactions is overwhelmed by the long-range ones. Thus we can focus
on a complexity and CPU comparison by ignoring the nearest-neighbor interactions.
Indeed, such CPU comparisons between microscopic models with piecewise constant
potentials, as the one in (6.2), and coarse-grained models were already carried out
in earlier publications; see for example Figure 9 in [2I]. In these comparisons we see
a very substantial speed-up in the coarse-grained model, which is at least quadratic
in the coarsening factor g; see also the operation count in Table [l

In general, when comparing coarse-graining schemes to the direct numerical sim-
ulation of the microscopic variables o such as ([6.2]), we readily see that they reduce
the computational complexity of the simulation of lattice systems in two ways.
First, long-range interactions are compressed through the effective interactions in
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TABLE 1. Computational complexity of evaluating the Hamilton-
ian on the d-dimensional lattice for the interaction range L and
the coarse-graining level ¢ ([24]).

Hamiltonian Count Speed-up
Microscopic ¢ = 1: HY (o) O(NL?) 1
Coarse-graining scheme (33): flé\’/}o) O(ML/q%) | O(¢*?)

TABLE 2. Computational complexity on the d-dimensional lattice
for the interaction range L and the coarse-graining level ¢: number
of classes of lattice sites with equal rates for {—1,1}-spins.

Microscopic CG with ¢
0(2L") O(241082 4 (L/0)")

B3); see Table [ for the corresponding operation count for the evaluation of a
Hamiltonian. Second, Kinetic Monte Carlo simulations of lattice systems with
such complex interactions at a microscopic level have a high number of rejections
when one considers null-event algorithms, [29], while rejection-free methods such
as the Bortz, Kalos, Lebowitz (BKL) algorithm, [29], have an exponentially large
number of classes of sites with equal rates, rendering this sophisticated algorithm
impractical. On the other hand, due to the compression of the configuration space,
coarse-graining yields a vastly reduced number of such classes; see Table [2] for an
exact comparison with the microscopic case, which in turn can allow for an efficient
implementation of the BKL method.

7. CONCLUSIONS

In this paper, we developed coarse-graining schemes for stochastic many-particle
microscopic models with competing short- and long-range interactions on a d-
dimensional lattice. We focused on the coarse-graining of equilibrium Gibbs states,
and using cluster expansions we analyzed the corresponding renormalization group
map. We quantified the approximation properties of the coarse-grained terms aris-
ing from different types of interactions and presented a hierarchy of correction
terms. Finally, we derived semi-analytical numerical coarse-graining schemes along
with a posteriori error estimates for lattice systems with short and long-range in-
teractions.

An important outcome of the cluster expansion analysis for the approximation
of coarse-grained Hamiltonian by the series (I.8]) is the reduction of the complexity
in the calculation of each of the terms in the series into a combination of low-
dimensional local potentials, e.g. ([B:26]). In turn, we show in Sectiondland Section[dl
that exact analytical calculations and/or additional approximations can greatly
reduce the computational complexity of such local terms, yielding semi-analytical
splitting schemes for the coarse-graining of lattice systems with short and long-
range interactions. Furthermore, these schemes can be split, within a controllable
approximation error, into a long and a short-range calculation; see (B:25). The

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1790 M. A. KATSOULAKIS ET AL.

long-range part, which is computationally expensive for conventional Monte Carlo
methods, can be cheaply simulated using the analytical formula given in [B2) in
the spirit of our previous work [24]. In this case computational savings are due to
the reduction in the degrees of freedom by @ = N/M and compressing the range of
interactions. For the short-range interactions we use the semi-analytical formulas
([#2) which involve pre-computing coarse-grained interactions with Monte Carlo
simulation. However, the simulation is done for a single subdomain of adjacent
coarse cells, while for Ising-type models, see Sectiondland Section[@ one can reduce
the pre-computation on a single coarse cell. The error estimates in Theorem [3.3]
and Theorem [5.7] also suggest an improved decomposition to short and long-range
interactions. Indeed, they imply splitting and rearranging the overall combined
short and long-range potential into a new short-range component that includes
possible singularities originally in the long-range interaction, e.g., the non-smooth
part in a Lennard-Jones potential, and a locally integrable (or smooth) long-range
decaying component. Presumably similar strategies could be applied for off-lattice
systems such as the coarse-graining of polymers.

In contrast to the splitting approach developed here that allows us to analytically
calculate the long-range effective Hamiltonian (83]) in (8:25) and in parallel carry
out the semi-analytical step for ([{2]), existing methods, e.g., ([I6,27]), employ
semi-analytical computations involving both short, as well as costly long-range
interactions. Thus, multi-body terms, which are believed to be important at lower
temperatures, [I6], have to be disregarded. A notable result of our error analysis
is the quantification of the role of multi-body terms in coarse-graining schemes, and
the relative ease to implement them using the aforementioned splitting schemes.
Theorem [3.3] addresses this issue, while in Section[d], we further quantify the regimes
where multi-body terms are necessary in the context of a specific example. In [2] the
necessity to include multi-body terms in the effective coarse-grained Hamiltonian
was first discussed in a numerical analysis context for systems with singular (at the
origin) long-range interactions.

Cluster expansions such as ([L8]) can also be used for constructing a posteriori
error estimates for coarse-graining problems, based on the rather elementary ob-
servation that higher-order terms in ([B31]) can be viewed as errors that depend
only on the coarse variables 7. In [22] we already employed this type of estimate
for stochastic lattice systems with long-range interactions in order to construct
adaptive coarse-graining schemes. These tools operated as an “on-the-fly” coars-
ening/refinement method that accurately recovers phase diagrams. The estimates
allowed us to adaptively change the coarse-graining level within the coarse-graining
hierarchy once suitably large or small errors were detected, and thus to speed up
the calculations of phase diagrams. Adaptive simulations for molecular systems
have also been recently proposed in [36], although they are not based on an a
posteriori error analysis perspective. Finally, the cluster expansions necessary for
the rigorous derivation and error estimates of the schemes developed here rely on
the smallness of a suitable parameter introduced in Theorem B3} see (330). In
Section Ml we construct an a posteriori bound for this quantity that can allow us
to track the validity of the cluster expansion for a given resolution in the course
of a simulation. This approach is, at an abstract level, similar to conditional a
posteriori estimates proposed earlier in the numerical analysis of geometric partial
differential equations, [I5128].
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Further challenges for systems with short and long-range interactions not dis-
cussed here include: error estimates for observables/quantities of interest, the de-
velopment of coarse-grained dynamics from microscopics, phase transitions and
estimation of physical parameters, such as critical temperatures. Work related to
these directions for systems with long-range interactions have been carried out in
[25], [6] and [5].
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