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Abstract. This work presents the first statistical performance guarantees for group-invariant generative models.
Many real-world datasets, such as images and molecules, are invariant to certain group symmetries,
which can be taken advantage of to learn more efficiently, as we rigorously demonstrate in this
work. Here we specifically study generative adversarial networks (GANs) and quantify the gains
when incorporating symmetries into the model. Group-invariant GANs are a type in which the
generators and discriminators are hardwired with group symmetries. Empirical studies have shown
that these networks are capable of learning group-invariant distributions with significantly improved
data efficiency. In this study, we aim to rigorously quantify this improvement by analyzing the
reduction in sample complexity and in the discriminator approximation error for group-invariant
GANs. Our findings indicate that when learning group-invariant distributions, the number of samples
required for group-invariant GANs decreases proportionally by a factor of the group size, and the
discriminator approximation error has a reduced lower bound. An important point is that the
overall error reduction cannot be achieved merely through data augmentation on the training data.
Numerical results substantiate our theory and highlight the stark contrast between learning with
group-invariant GANs and using data augmentation. This work also sheds light on the study of
other generative models with group symmetries, such as score-based generative models.
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1. Introduction. The machine learning community has shown a growing interest in gen-
erative models, which aim to understand the underlying distribution of data and generate
new samples from it. Among the various generative models, generative adversarial networks
(GANSs) [20] have garnered significant attention due to their ability to learn and sample from
complex data distributions. Empirical evidence shows that GANs achieve remarkable perfor-
mance in diverse applications such as image synthesis and text generation [40, 51, 53]. Such
success, however, hinges upon the availability of abundant training data.

Recent research has proposed to leverage the group-invariant structure of underlying dis-
tributions to improve the data efficiency of GANs [15, 7]. Additionally, the following related
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work has explored other generative models: reference [28] proposes equivariant flows, while
[32] and [23] study equivariant diffusion models. Such approaches are motivated by the preva-
lence of group symmetry observed in various real-world distributions. For instance, in the case
of medical images captured without orientation alignment, the distribution should be rotation-
invariant, i.e., an image and its rotated copy are equiprobable. Furthermore, many physical,
physicochemical, and biochemical systems possess intrinsic symmetries or equivariance struc-
tures, making structured probabilistic modeling crucial [39, 37, 25, 35, 30, 36, 38]. Empirical
evidence from [28, 15, 7] shows that models designed to respect group symmetry can effec-
tively learn a group-invariant distribution even with limited data. The key idea is to introduce
structures into generative models, i.e., moving away from generic models to exploit essential
structures in physicochemical models. This shift is expected to create physics-informed gen-
erative models that are more sample-efficient and reduce computational load and complexity.
However, a clear theoretical understanding of these phenomena remains to be established.

In this paper, we provide statistical performance guarantees that explain why group-
invariant generative models, in particular, group-invariant GANs [15, 7], can effectively learn
group-invariant distributions with significantly fewer training data. Specifically, let ¥ be
a finite group, p be a X-invariant target distribution supported on some compact domain
X c R%, and p be an easy-to-sample (noise) source distribution. Let S¥[(gh m)2p) be the
Y-invariant generated distribution learned based on n independent and identically distributed
(i.i.d.) training samples from the target x4 and m random draws from the noise source p; see
(3.15) for the exact definition. We show that, if m is sufficiently large and the network sizes
are sufficiently large, then

1/d
(1.1) E V1(S™[(g5m)sp)s )] is controlled by <|21|n> ’

where W (P, Q) is the Wasserstein-1 distance between two distributions P and Q; see (3.2).
This reduction by a factor of |X| in the number of training samples needed to learn a X-
invariant target p partially explains the enhanced data efficiency and generalization guaran-
tees of GANs compared to existing generalization errors, such as those reported in [24], by
leveraging the group structure. This reduction in training sample complexity can be inter-
preted as follows: the performance of a group-invariant GAN utilizing n i.i.d. training samples
is equivalent to a vanilla GAN with |X|n i.i.d. training samples. This is crucial, especially
when the datasets available are scarce. If we further assume that p is supported on a smooth
d*-dimensional submanifold of R?, then

1/d*
(1.2) E [Wi(S™[(g5m)sp), )] is controlled by <|E|n> '

This estimation suggests that the improvement in the error bound does not suffer from
the curse of dimensionality, as it depends only on the intrinsic dimension d* of the target’s
support, which could be much smaller than the ambient dimension d. More importantly, we
demonstrate that group-invariant GANs function effectively as though the input training data
are augmented by the group actions in an i.i.d. manner (in contrast, augmented data are con-
ditionally independent but not i.i.d.) without an increase in the number of parameters and
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with a reduced discriminator approximation error lower bound compared to vanilla GANs,
with fixed network architecture (see Proposition 4.3). For a visual illustration of the signifi-
cant difference between data augmentation and learning with group-invariant GANSs, see the
numerical experiments in section 6 (Figures 2, 3, and 4). We remark that we only present the
dominating terms in (1.1) and (1.2), assuming m is sufficiently large and the network sizes
are sufficiently large, and their precise statement can be found in Theorems 4.9 and 5.2.

To the best of our knowledge, our work presents the first step toward theoretically under-
standing the impact of harnessing group symmetry within group-invariant generative models.
While our primary focus lies on the performance guarantees for group-invariant GANs, we
hope the analysis developed herein can be generalized in future works to study performance
guarantees for other group-invariant generative models. See, for instance, [11], discussed at
the end of section 2, and Remark 4.4.

This paper is organized as follows. In section 2, we review some related work. Section
3 provides the background and goals of our study. Theoretical results for the case when the
target distribution lies in the Euclidean space or a low-dimensional submanifold are presented
in sections 4 and 5, respectively. A numerical example is provided in section 6. We conclude
our work and discuss future directions in section 7. Some of the proofs are deferred to sections
8 and 9.

2. Related work. A burgeoning body of recent research on group-equivariant neural net-
works [12, 13, 48] has demonstrated remarkable empirical success achieved through leveraging
group symmetries in various supervised machine learning tasks. These accomplishments have,
in turn, fostered the development of group-invariant/equivariant generative models, enabling
data-efficient unsupervised learning of group-invariant distributions. Notable endeavors in
this area include equivariant normalizing flows [5, 8, 19, 28], group-equivariant GANs [15],
structure-preserving GANs [7] that rely on structure-customized divergences [6], and discrete
and continuous equivariant diffusion models [23, 32]. Despite the intuitive understanding,
the extent to which and the underlying reasons why group symmetry can enhance the data
efficiency of those group-invariant generative models remain largely unknown.

On the other hand, recent research [9, 24, 31] has made significant progress in the sample-
complexity analysis of vanilla GANs (i.e., GANs without group-symmetric generators and
discriminators) in distribution learning. These works quantify the disparity, often measured
using probability divergences, between the distribution learned by GANs with finite training
samples and the underlying data distribution. Compared to these works, our analysis fol-
lows a similar oracle inequality and bounds each term of the inequality separately. However,
the novelty of our work lies in the following: (1) we propose a version of group-invariant
generator and discriminator architectures, and (2) we treat each error term with incorpo-
rated group-invariant network architectures and utilize the fact that the target distribution
is group-invariant. While recent work [10, 44] has explored the enhanced sample complex-
ity of divergence estimation under group symmetry, it remains unclear how these findings
can be extended to the statistical estimation of group-invariant GANs aimed at learning
group-symmetric probability distributions. Moreover, the authors of [10] in particular did not
consider distributions with low-dimensional support, and their technical assumptions on the
group actions are notably restrictive. In our work, we extend the analysis of GANSs to include
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cases where distributions possess low-dimensional structure, and we adopt a more flexible
approach toward the assumptions on finite group actions compared to those in [10].

While some other generative models, such as diffusion models, have gained traction re-
cently; GANs as one-shot methods are still widely used in certain applications where computa-
tional efficiency and real-time generation are critical [33, 26, 41]. Moreover, the mathematical
formulation of GANs is essentially the minimization of variational divergences. As the objec-
tive of general generative modeling can be viewed as minimizing the discrepancy between the
generated and target distributions in terms of certain divergences, our work can shed light on
the study of other generative models by considering the performance guarantees of invariant
models evaluated by symmetry-adapted divergences. For example, in the recent work [11] we
provide performance guarantees for score-based generative models with symmetries, inspired
by the work in this paper.

3. Background and problem setup.

3.1. Integral probability metrics and GANs. Let X be a measurable space, and let P(X)
be the set of probability measures on X. Given I' C M;(X), where M,;(X) is the space
of bounded measurable functions on X, the I'-integral probability metric (I'-IPM) [34, 43]
between v € P(X) and pu € P(X) is defined as

(3.1) dr(v,p) := ilellg {Ev[v] —Eu[v]}-

For example, if I' = Lipg (X'), the space of H-Lipschitz functions on X', then by the Kantorovich—
Rubinstein duality, we have

(3.2) Wi (v, 1) = H Ydr (v, ).

For simplicity, we omit the factor H~! in the following presentation. When I is a class of
neural networks, dp(v, ) defined by (3.1) is called the “neural network distance” [2].

GANS, originally proposed by Goodfellow et al. [20], learn to approximate a target data
distribution p by generating samples from a noise source distribution p (typically chosen as
uniform or Gaussian) through a two-player game. More specifically, GANs aim to solve the
minmax problem

(3-3) min I}leagEx~u[f($)] —E.p[f(9(2))],

where G is a class of functions called generators, and D is a class of functions called discrim-
inators. This minmax problem can be equivalently formulated as

min dp(u, ,
miy p(H 95)

where ggp:=pog~! is the push-forward measure of p under g. For example, if D = Lip;(X)

is the class of 1-Lipschitz functions, this minmax problem is the formulation of Wasserstein

GANs (W-GANs) [1].
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Suppose we have only finite samples {z;}7; from the target p and {z;}!", from the source
p; we define the optimal generator as the minimizer of the optimization problem [9, 24]

(3.4) Gn,m = arg min dp(gspm fin),
geg

where [i, = %2?21 dz, is the empirical distribution of the target w, and p,, = % Yoy, is
the empirical distribution of the source p.

3.2. Group invariance and symmetrization operators. A group is a set 3 equipped with
a group product satisfying the properties of associativity, identity, and invertibility. Given a
group ¥ and a set X', amap 0: 3 x X — X is called a group action on X if 0, :=60(0,-) : X - X
is a bijection on X for any o € ¥, and 0,, 00y, =05,.0, Yo1,02 € 3. If the context is clear, we
will abbreviate 0(o, z) as ox.

A function v : X — R is said to be Y-invariant if it is constant over group orbits of X, i.e.,
vobh,=vV oeX. Let I' C My(X) be a set of bounded measurable functions v: X — R. We
define its subset, I's, C I, of X-invariant functions as

(3.5) I'y:={yel:vo0l,=7VoeX}.

Likewise, a probability measure p € P(X) is said to be X-invariant if 1 = (6,)3p for all o € X.
We define the set of all ¥-invariant distributions on X as

(3.6) Px(X) :={peP(X): pis X-invariant }.

Finally, following [7, 10], we define two symmetrization operators, Sy, : Mp(X) — Mp(X)
and S*: P(X) — P(X), on functions and probability measures, respectively, as

(3.7) Ssh)(x) = /Z (o) (do) Yy € My(X),

(3.8) Egmpyy :=EuSo[y] Vi € P(X),Vy € My(X),

where uy is the unique Haar probability measure on a compact Hausdorff topological group
¥ [18]. One can easily verify that Sy, and S> are, respectively, projection operators onto their
corresponding invariant subsets I's, C I and Px(X) C P(X) [7]. One of the main results of
[7] that motivates the construction of group-invariant GANs is summarized in the following
lemma.

Lemma 3.1 (paraphrased from [7]). If Sx[I'] CT" and v,u € P(X), then
dr(S™[v], 5% [u]) = dry (v, 1) = Sup {E,[y] = Euly]}-
vel's
In particular, if v, € Px(X) are L-invariant, then dr(v, pu) =dry (v, i1).
In other words, to “tell the difference” between two Y-invariant distributions v, u € Px(X),
one need only optimize over all Y-invariant discriminators v € I's;. Group-invariant GANs are
thus a type where the discriminators are all X-invariant, and the generators are parameter-

ized in such a way that the generated distributions are always ¥-invariant. We will further
elaborate on the exact construction of group-invariant GANs in section 3.4.
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3.3. Assumptions on the group actions. We assume X C R? is a bounded subset of R¢
equipped with the Euclidean metric || - ||2. In addition, we make the following assumptions on
the group ¥ and its action on X.

Assumption 3.2. The group ¥ and its action on X C R? satisfy the following:
1. X is finite, i.e., |X| < oo;
2. 3 acts linearly on X'; that is, o(ax1 + bxo) = aczy + boxa Vi, 20 € X, 0 € ¥,a,b € R;
3. the Y-actions on X are isometric; that is,

||O'l'1 — JiL'QH2 = ”1’1 —.TQHQ Vacl,xg S X,(T €.

Remark 3.3. In terms of the third condition, one can instead assume that the Y-actions on
X are 1-Lipschitz: that is, ||oz1 — oxal|y < ||z1 — 22|y Va1, 22 € X, 0 € £. Weyl’s unitary trick
tells us that for every finite group action, there exists a basis in which the action is isometric,
such that the third condition can always be satisfied with a simple change of basis.

The ¥ action on X induces a fundamental domain Xy C X, a terminology which we adopt
from [10].

Definition 3.4 (fundamental domain). A subset Xy C X is called a fundamental domain of
X under the X-action if for any x € X, there exists a unique xo € Xy such that x = oxq for
some o € 2.

We remark that the choice of the fundamental domain Xj is generally not unique. Follow-
ing [10], we abuse the notation X =X x Xj to denote Xj as a fundamental domain of X under
the -action. Given a specific choice of the fundamental domain Ay, we define the projection
To: X = Ay as
(3.9) To(z) =y € Ayify = ox for some o € X.

In other words, Ty maps any x € X to its unique orbit representative in Ay. Given a X-

invariant distribution p € Px(X) on X, the map T induces a distribution px, € P(Xy) on the
fundamental domain Xy defined by

(3.10) frx, = (To)gp

We next introduce an important concept, the covering number, which appears in many
proofs throughout our paper.

Definition 3.5 (covering number). Let (X, 7) be a metric space. A subset S C X is called
an e-cover of X if for any x € X there is an s € S such that 7(s,z) <e. Define the e-covering
number of X as

N(X,e,7):=min{|S|: S is an e-cover of X'}.
When 7(x,y) = ||z —1yl|2 is the Buclidean metric in R?, we abbreviate as N'(X,¢,7) as N'(X,¢).

With Definitions 3.4 and 3.5, we specify below our second technical assumption on the
group action over X', which is motivated by [42, 10].

Assumption 3.6. There exists some constant ey and a set-valued function Ag(e), such that
for any € € (0,ex), we have Ag(e) C Ay, and

Copyright (© by SIAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 07/25/25 to 128.119.47.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

868 Z. CHEN, M. A. KATSOULAKIS, L. REY-BELLET, AND W. ZHU

1 T - 1 _

05"
0.5¢ ] 0 o
_05 L
0 : ‘ -1 : : ‘
-1 0.5 0« 05 1 -1 -0.5 0 05 1

Figure 1. Exzamples of Assumption 3.6. Left: Mirror reflection in R*. Xy =[0,1] x [0,1]. The group actions
are generated by o(x,y) = (—x,y). Right: Circular rotations within the unit disk in R®. The group actions are
generated by the 7/2-rotation with respect to the origin. Xo = (pcosb,psinf), pe[0,1], 6 €[0,7/2). Ao(e) are
colored yellow in both subfigures.

L. |jox — 0’2’|, > 2e Vo, 2" € X\ Ao(e), 0 # 0’ € E;
2. lox — o ||y = ||z — 2’|, Vo, 2" € Ap\Ao(€),0 € X.
Moreover, for some 0 <r <d, we have

. N(Ap(e),€)
(3.11) h:i%ljp 7'/\/,()(0’6)67,

Remark 3.7. Assumption 3.6 is notably less restrictive compared to the sufficient condition
of Theorem 3 in [42], which can be viewed as a special case of Assumption 3.6 when A(e) =0
and r = 0. Such relaxation is crucial to accommodate symmetries such as mirror reflections
and circular rotations in the following examples.

Ezample 3.8 (mirror reflection in R?). X =[—1,1] x [0,1]. The group actions are generated
by o(z,y) = (—z,y). In this case, we have r =1 in Assumption 3.6. See the left subfigure in
Figure 1.

Ezample 3.9 (rotations in R?). X = (pcos®,psind), p € [0,1], 6 € [0,27) and Xy =
(pcosB, psin®), pe[0,1], 6 €[0,7/2). The group actions are generated by the 7 /2-rotation
with respect to the origin. In this case, we also have r =1 in Assumption 3.6. See the right
subfigure in Figure 1.

Remark 3.10. The introduction of Ay implies that group actions are effective: if xg € Xy,
then there is an infinitesimal lower bound € between oxy and X} for any o # id. For example,
in Example 3.8, if xg € X) is arbitrarily close to the border of Xp, i.e., {0} x [0,1], then o1z
will be arbitrarily close to Xy, where oy is the reflection action; similarly for Example 3.9,
when zp € X is close to § =0 and o7 is a counterclockwise rotation by 7/2. Also note that
the assumptions in [42, 10] both fail to satisfy the two cases in Figure 1.

3.4. Network architecture for group-invariant GANs. In GANs, both the generator class
and the discriminator class are parameterized by neural networks. In this paper, we consider
fully connected feed-forward Rectified Linear Unit (ReLU) networks as the architecture for
both generators and discriminators.
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A fully connected feed-forward ReLU neural network, ¢ : R% — R%+1 can be formulated
as

(3.12) é(z) =Wy, -ReLU(W,_y - ReLU(Woz + by) - - + br,_1) + by,

where W; € R%+1%d: and b; € R%+1 are network weights, i = 0,1,...,L, and the activation
function is given by ReLU(z) := max{0,z}, z € R. We call the numbers W = max{dy,...,dp}
and L the width and the depth of the neural network ¢, respectively. When the input and
output dimensions are clear from the context, we denote by NN (W, L, N, K) a ReLU network
architecture that consists of fully connected feed-forward ReLLU neural networks with width
at most W, depth at most L, number of weights at most N, and magnitude of entries of W;
and b; no more than K. We also write NN (W, L) or NN(W,L,N) when either N or K is
not specified.

Let Dyn and Gy, respectively, denote a class of discriminators and a class of generators
realized by fully connected ReLLU networks, which are generally not »-invariant. We explain
next how to construct Y-invariant discriminators and generators from given Dyny and Gyn.

Since ¥ acts linearly on X' (Assumption 3.2), there is a matrix representation W, € R4*¢
for any o € E such that oz = W,aVz € RY. We can formulate Y-invariant discriminators,
denoted by D N ~» using the function symmetrization operator Sy, introduced in (3.7).

Definition 3.11 (X-invariant discriminators). For any class of discriminators with ReLU
network architecture Dy = NN (W, L, N, K), its corresponding class of X-invariant discrim-
mators D]ZVN 1s defined as

IZ]
(3.13) Dy = w2 Z¢ (z) € Dyw

That is, D]%N consists of neural networks of the form

=

1
ZWL ReLU(Wp—1 -+ ReLU(Wo(We,x) +bo) -+ +br—1) + bz,

(3.14) o(x) = P

where {W;,b;:i=0,...,L} is the same set of weights as that of Dyn .

By Definition 3.11, it is straightforward to verify that Ss[Dx ] =Dx -

Remark 3.12. Definition 3.11 requires |X| passes through the network; however, in numer-
ous practical scenarios of generative modeling, particularly in medical imaging, the foremost
limitation is typically the scarcity of sufficient data rather than computational resources. Con-

sequently, while Definition 3.11 increases computational demands, it represents a necessary
trade-off to effectively address this significant challenge in sample-constrained applications.

Similarly, the 2-invariant generators can be defined using the distribution symmetrization
operator S* introduced in (3.8).
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Definition 3.13 (X-invariant generators). For any class of generators with ReLU network
architecture Gy = NN (W, L, N, K), its corresponding class of S-invariant generators g]%, N
1s defined as

gs €EGnn <= Jg(x) €Gnn s.t. gu(p) = S*[g:p] ¥ noise source distribution p.

In other words, we add a X-symmetrization layer S* that draws a random ¢ according to
the Haar measure uyx and transforms the output g(z) of Gyn to og(x) the output of Gx -

In this paper, we consider learning a X-invariant target data distribution pu € Px(X) using
Y-invariant GANs whose generators and discriminators are both Y-invariant and where the
noise source probability measure p is absolutely continuous on R (with respect to the Lebesgue
measure). More specifically, in contrast to (3.4), we denote

(3.15) g;kz,m = arggmin dDﬁN (SE [gﬁﬁm], [in)-
9eEYNN

Note that {S*[gsp] : g € G} is a set of S-invariant distributions in X' for any easy-to-sample
source distribution p on R.

Remark 3.14. Our results also hold if p is an absolutely continuous probability measure
on R¥, since any such p can be projected to an absolutely continuous probability measure on
R by a linear mapping, as was shown in Remark 7 of [24].

Remark 3.15. In [9, 24], the generator g, = argmingcg, . dps (5¥[gsp], fin) is also consid-
ered. We will not provide the details for g} since, in practice, GANs are trained with finite
samples from p. Moreover, the bound in our main result, Theorem 4.9, directly applies to the
case for gy .

3.5. Notation. We write A < B if A < CB for some constant C' > 0, and if both A < B
and B 2 A hold, then we write A~ B. We also write A <, B if the factor C' depends on some
quantity s. Given a subset X C R? of R?, its diameter is denoted as diam(X) := sup, yex |7 —
y||2. For two functions f(n) and g(n), we write f(n)=o0(g(n)) when lim,,_ f(n)/g(n)=0.

4. Learning distributions in Euclidean spaces. In this section, we quantify the error
between the generated distribution S*[(g;: ,,)4p] and the target data distribution p € Px(X)
in terms of the Wasserstein-1 metric; that is, I' = Lip (X) and we estimate dr (S*[(g5; ,,.)20], 1t)-
All of the proofs can be found in the appendix. Since the value of the I'-IPM does not change
if we replace I by I" + ¢ for any ¢ € R, by Lemma 2 in [10], it is equivalent to replace I" by
I'={f:feLipu(X),|fllo <M} if X is bounded, where M = H - diam(Xp).

The proof of Theorem 4.9 hinges upon the following error decomposition based on the
proof of Lemma 9 in [24] and Lemma 3.1. Compared to [24], our analysis makes use of the
group-invariant architectures of the generator and discriminator as well as the fact that the
target distribution has group-invariant structure so that each error term will reveal the gain
or no extra cost of group invariance.
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Lemma 4.1 (error decomposition). Suppose gy, ,,, is the optimal GAN generator from (3.15);
then for any function class T' defined on X C R%, we have

dr(S*[(gnm)zp)s 1) < 2fsup inf|f = fullo

clsJo N

Invariant discriminator approximation error: A;

+ inf dD]Z\,N (SZ [gﬁp]vﬁn) + dry, (ﬁnvﬂ)

~~ Statistical error from target: Az
Invariant generator approzimation error: As

+ QdD%NogNN (p¢ ﬁm)

Statistical error from source: Ay
We provide lemmas that bound each of the A;’s.
Lemma 4.2 (X-invariant discriminator approximation error). Let
D={f:feLipg(X),||fll < H - diam(Xo)}.
For any e € (0,1), there exists a class of X-invariant discriminators
Dy =Ss NN (W1, Ly, Ny, K1)

with Ly Slog(1/€), N1 S e ?log(1/€) and Ky depends on H,sup,cy |||l and diam(Xp), such
that

sup inf || f—f <e.
fel—‘g quIDJ%N H wHoo

In addition to Lemma 4.2, we take a closer look at each individual approximation to
illustrate the importance of using Y-invariant discriminators in the next proposition, whose
proof can be found in subsection 8.2.

Proposition 4.3. Suppose f is a S-invariant function and f,, is not necessarily S-invariant.
Assuming % has unitary matriz representations, i.e., the Jacobian of each 0, is a unitary
matrix, we have

1
I1f = folloo 2 \/ oty (17 = Sslullace) + 1100 = S5 lAullaca)

1
> vl %) [ fo = Sulfolll L2y -

Remark 4.4 (deviation from invariance). The right-hand side of Proposition 4.3 can be
viewed as a measurement of the noninvariance of f,, and can be large if f, is “far from”
being ¥-invariant. This lower bound vanishes whenever f,, is Y-invariant, which suggests that
we use X-invariant discriminators ’D]EV n instead of Dy to achieve a smaller discriminator
approximation error. See also Figure 4 for numerical illustrations. This measurement for the
deviation from invariance seems general in generative models with symmetries. For example,
[11] uses a similar notion to measure the nonequivariance of a vector field in the context of
score-based generative models for score-matching approximations.
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Lemma 4.5 (X-invariant generator approximation error). Suppose Wy > T7d + 1,Ly > 2. Let
p be an absolutely continuous probability measure on R. If n < Wasd=l| Wordod |1 Lo | 4 9 e
have infgeg, , dpz (S*[gsp], fin) =0, where Gy = NN (Wa, Ly).

Remark 4.6. We also refer the reader to Theorem 4.6 in [7] for the necessity of using
Y-invariant generators in the following case: Suppose the discriminator architecture is X-
invariant. Since dpz (g0, lin) = dpyy (5%[gsp], S®[fin]), the generator may only learn to
generate distributions whose symmetrization is the target distribution, thus causing “mode
collapse.” That is, dpz is a probability metric on Pg(X) rather than P(X). We also refer
the reader to the qualitative numerical examples of this phenomenon in [7].

Lemma 4.7 (statistical error from the target). Let X =X x Xy be a subset of R? satisfying
the conditions in Assumptions 3.2 and 3.6. Let I'={f: f € Lipy(X), || fll < M}. Suppose p
s a Y-invariant probability measure on X. Then we have the following:

(1) If d > 2, then for any s >0 and n sufficiently large, we have

A 1\ 1\ s
E[sz(Mmﬂ)]S C1./Y,H,d,s W +o0 E ,

where the coefficient Cx p.qs of the dominating term does not depend on ¥ or n;
(2) If d=1 and Xy is an interval, then for n sufficiently large, we have

cH-d?T;n(Xo)_i_O(l)’

E[drz (ﬁna M)] < n
where ¢ >0 is an absolute constant independent of X and Xp.

Lemma 4.8 (statistical error from the source). Suppose L1 Slogn, Ny Snlogn, Wi Lo Sn;

then we have dps ogyx (PsPm) S 1/ "210@52%. In particular, if m > n?*t2/4log3n, we have
E[dD]%NOgNN (p7 Ib\m)] SJ n_l/d
With those lemmas, we now state and prove the main theorem.

Theorem 4.9 (main theorem). Let X = ¥ x Xy be a compact subset of R4(d > 2) sat-
isfying Assumptions 3.2 and 3.6, and let ' = Lipy(X). Suppose the target distribution
wois Y-invariant on X, and the noise source distribution p is absolutely continuous on R.
Then there exists X-invariant discriminator architecture D%N = Sx[Dnn]|, where Dyy =
NN (W1,L1,N1) as defined in (3.14) with N1 < nlogn and Ly < logn, and Y-invariant

generator architecture QJ%N, where Gy = NN (Wa, La), with W2Ly < n, such that if m 2
n2t2/d]og3 n, we have

n

(4.1) E [dr(S™[(g5m)zp), )] < C s <|21’n> - +o0 <<1> +> :

for any s >0, where the coefficient Cx pg a5 of the dominating term does not depend on ¥ or
n. See (8.5) in the appendiz for details.
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Proof. We can choose € ~ n~ %% in Lemma 4.2 with L; < logn!/? ~ logn and N; <
nlogn, so that supsepy infy cps |If = folloe S n~1/?. On the other hand, we can make
infoegyn dD§N(SE[gﬁp],ZZn) = 0 with W2Ly < n by Lemma 4.5. Finally, E[dr., (Jin, 1)] Ss

(|2|n)~1/(4+5) and E[dps  oguy (s Pm)] S n~1/4 by Lemmas 4.7 and 4.8 respectively. [ |
The statement of the theorem in the case of d =1 can be found in the appendix.

Remark 4.10 (data efficiency). This improved training sample complexity can be inter-
preted as follows: For vanilla GANs without built-in group symmetry, the group size is 1,
representing the baseline sample complexity. However, for a group-invariant GAN with non-
trivial group |X| > 1, its performance when utilizing n i.i.d. training samples is equivalent to
a vanilla GAN with |X|n i.i.d. training samples.

Remark 4.11 (optimality of the rate). The rate obtained in Theorem 4.9 is less sharp than
<n~Ydvn=1/2logn provided in [24] since in [24] it is assumed that X = Xy = [0,1]%, but here
we do not assume the fundamental domain is connected. If we assume that Ap is connected,
then the rate can be improved to < (|%|n)~1/? for d > 3 and <, (|%|n)"/?logn for d = 2
since Lemma 8.5 in the proof can be replaced by a sharper covering number bound in [29].

5. Target distributions with low-dimensional structure. While Theorem 4.9 explains the
improved data efficiency of group-invariant GANSs, the error bound increases as the ambient
dimension d increases. However, empirical evidence suggests that numerous probability dis-
tributions found in nature are concentrated on submanifolds of low intrinsic dimensions. In
light of this, we present an enhanced analysis of sample complexity for group-invariant GANs,
specifically when learning distributions of low intrinsic dimension under group symmetry.
Suppose the target distribution p is supported on some compact d*-dimensional smooth sub-
manifold of R?. We first prove the following bound for the covering number of a compact
smooth submanifold of R%, which reflects the intrinsic dimension of the submanifold.

Lemma 5.1. Let M be a compact d*-dimensional smooth submanifold of R%; then for small
€ >0, we have

I
Voo (1)

where the metric in the covering number is the Euclidean metric on RY, and the constant Cay

depends on M.

Proof. For any point x € M, there exists a chart (U, ¢s), where U, C R? is an open set
containing z, and ¢, : UpNM — 0. (U,NM) C R? is a diffeomorphism such that ¢, (U,NM) is
an open set of R?". Without loss of generality, we can assume @, (z) =0 € R?". In addition, we
can assume that ¢, (U, N M) = By (0, R;) for some R, >0, and HDcp;1 H2 < ¢, on By (0, Ry,)
for some constant ¢, where Dy, ! is the Jacobian matrix of ¢ 1. (This is possible since ¢, (U,)
is open; we can pick some r > 0 such that Bg-(0,7) C ¢, (U,), so that By (0,7/2) is compact,
and || Dy ||, is bounded on By (0,7/2). Then we can set U, N M = ¢ (Bg-(0,7/4)).)

Let e, < 75; then any open ball in R4 that intersects Bg- (0, ¢;) must lie within Bg- (0, R,.).

For any small € € (0,1), we know that By« (0, €;) can be covered by % balls with radius €

in R?" (cf. Proposition 4.2.12 in [47]). Moreover, since HDgo;l H2 < ¢z, @, ! maps each of these
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e-balls to some open subset of U, whose diameter is no more than c;e and hence contained in
s
some open ball of radius 2c,e in R%. Therefore, ¢3! (By-(0,¢;)) can be covered by %

balls with radius 2c,€ in R?. By a rescaling, ¢, ' (Bg-(0,¢,)) can be covered by % balls

with radius € in R%. Also note that Uzeam[@y t(By- (0, €;))] forms an open cover of M, so there
exist finitely many z1, ..., 2, such that M = U™, [p; }(Bg- (0, €5,))], since M is compact. Thus

1=

a* » *
M can be covered by >"7 | % = 2?21(48’% +1)% < Z?:l(w)d < %M balls

with radius € in R?, where Cpq = n - max;{(4cg, €, +1)%"}. That is, N(M,e) <Cyy (). |

Theorem 5.2. Let X = ¥ x Xy C R?, and let Xy be a compact d*-dimensional smooth
submanifold of R%(d* > 2) satisfying Assumption 3.6 with some 0 <r < d* and T = Lipy (X).
Suppose the target distribution p is Y-invariant on X and the noise source distribution p is
absolutely continuous on R. Then there exists S-invariant discriminator architecture D]% N=
Ss[Dnn|, where Dyy = NN (Wi, L1, N1) as defined in (3.14) with N1 Snlogn and Ly <logn,
and Y-invariant generator architecture QJ%N, where Gnn = NN (Wa, Ly), with WLy Sn, such
that if m > n?t2/4" log3 n, we have

. 1 P 1 T
E [dr(S™[(9nm)2p)s )] < Crrae s <2|n> +O<<n> )

for any s >0, where the coefficient Cx .4+ s of the dominating term does not depend on ¥ orn.

Proof. Following the notation in the proof of Lemma 4.7, we have, by Lemma 8.5,

Co€

M
log N (Fo, €, [1loc) <N (%0, =) 1°g<61e )

where Fo={y € Lipy(Xo) : |7/l < M}. By Assumption 3.6 and Lemma 5.1, we have
o€ aM ( (026> 626) aM
i < Pl Pl
N(Xo, H)log( - > <N X\ Ao ) H log -

# (a0 (%) ) s (2F)

X, cc
< N (X, ) log (Clj\J) +ce' N <X,%> log <01€M[>

- E H
Cxﬂd* 1 aM n ECXHd* 1 aM
— |E‘ Cg* Ed* Cg* Ed*_r g

when % < ex;. Therefore, we have the statistical error from the target Ag as

~ 1\ 1\ 7=
Eldr, (in, )] < Cx ma- s <|En> +o <n> .

The rest of the prooffollows that of Theorem 4.9. |

Remark 5.3. The statement of the theorem for 1-dimensional submanifolds can be found
in the appendix.
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Remark 5.4. The condition in Theorem 5.2 can be relaxed to be C''-submanifolds, as the
proof of Lemma 5.1 only requires a C'' condition.

Remark 5.5. If the target distribution does not lie on a manifold, such as on fractals, we
can introduce the Minkowski dimension, whose definition itself involves the covering number,
so that we can derive the bound similarly as in Theorem 5.2.

6. Numerical experiments. We provide a synthetic example to illustrate efficient learning
by incorporating group symmetry into the generator and discriminator networks. Specifically,
the target is a mixture of four 2-dimensional Gaussian distributions centered at [+10,+10],
each with a standard deviation of 5, resulting in a target distribution with C4 symmetry.

We train three different GANs based on the vanilla GAN that has three hidden fully
connected layers with 64, 32, and 16 nodes in sequence with ReLLU activations for both the
generator and the discriminator. The discriminators and generators of Co and Cy GANSs are
defined as in Definitions 3.11 and 3.13 with Cy and Cj groups, respectively. We applied a
gradient penalty as described in [22] with a (soft) Lipschitz constant of 1 and penalty of 10
(see Theorem 31 in [6] for a theoretical justification). The noise source is selected to be a
10-dimensional Gaussian.

Figure 2 displays 5000 samples generated by the trained generator of each GAN, where we
use 100 training samples, incorporating C; (no invariance, or vanilla), C2, and Cy symmetries.
The GAN with C4 symmetry (third row) achieves the best result, and the one with no invari-
ance (top row) performs the worst. Additionally, the vanilla GAN without symmetry, even
with full data augmentation, i.e., augmenting all the training data using group actions in Cy
and thus giving us 400 non-i.i.d. training samples (bottom row), performed only slightly bet-
ter than the GAN without symmetry. This highlights the stark contrast between structured
distribution learning with group-invariant GANs and using data augmentation.

Epochs = 2000
20 RS 20

20 + 20 3 20 20
-20 -10 0 0 -20 -10 0 10 20

Figure 2. Heat map of 5000 GAN generated samples learned from a 2D Gaussian mixture. Top row: GAN
with no symmetry; second row: GAN with Cy (partial) symmetry; third row: GAN with Cy (full) symmetry;
bottom row: GAN with no symmetry but with Cy augmentation on the training data. Yellow parts refer to
higher density.
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Epochs = 2000 Epochs = 4000 Epochs = 6000 Epochs = 8000 Epochs = 10000
20 T e ra 20 gy 20 T YT TR

% |

Figure 3. Heat map of 5000 GAN generated samples learned from a 2D Gaussian mizture embedded in a
higher-dimensional ambient space R'2. The figure shows the 2D projection of the generated samples onto the
intrinsic support plane (d* =2) of the distribution. Top row: GAN with no symmetry; second row: GAN with
Ca (partial) symmetry; third row: GAN with Cy (full) symmetry; bottom row: GAN with no symmetry but
with Cy augmentation on the training data. Compared to Figure 2, this result qualitatively suggests that the
convergence depends only on the intrinsic dimension, as discussed in Theorem 5.2.

8

—$— Vanilla GAN w/Aug —$— Vanilla GAN w/Aug
7 Vanilla GAN 7 Vanilla GAN

—%— G, GAN —%— G, GAN
° -3 C;GAN ° -3 G, GAN

«
w

IS
IS

w

w
Wasserstein-1 Distance

Wasserstein-1 Distance

~
~

-
-

10! 102 10° 104 10! 102 10° 104
Training Sample Size Training Sample Size

Figure 4. Wasserstein-1 distance between 10,000 samples drawn from the generated and target distributions
with different GAN implementations over 20 runs. Left: 2D example. Right: 12D example. Cy GAN achieves
the best performance in both cases.

Moreover, Figure 3 presents similar results with the same (hyper)parameters, except that
the 2D Gaussian mixture is linearly embedded into a higher-dimensional ambient space R!2.

In Figure 4, we quantitatively evaluate the performance of methods by calculating the
Wasserstein-1 distance between 10,000 samples drawn from the generated distributions by
the trained GANs for 10,000 epochs and the target distribution of the Gaussian mixture,
respectively. We apply the linear program in [16, 17] for the calculation of the Wasserstein-1
distance, and we set the maximal number of iterations to 10°, and no cases reaching this limit
were reported. For each training data size, we perform 20 independent runs for each method.
We observe that the Cy GAN consistently achieves the best performance in both examples.
This is because the C4y GAN not only has a smaller statistical error As but also provides a
smaller invariant discriminator approximation error Aj, which becomes the dominant error in
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Lemma 4.1 when the number of training samples is large. (See Proposition 4.3 and Remark 4.4
for the reduced A; error by the invariant architecture.) We keep the same network architecture
and hyperparameters in our numerical experiments to ensure consistency of performance across
different methods.

7. Conclusion and future work. In this work, we quantitatively established the improved
generalization guarantees of group-invariant GANs. Our results indicate that when learning
group-invariant target distributions, potentially supported on a manifold with small intrinsic
dimension, the required number of samples for group-invariant GANs is reduced by a factor
of the group size. In essence, group-invariant GANs function effectively as though the input
data were augmented in the statistical sense, without an increase in the number of parameters,
compared to vanilla GANs. This becomes crucial when we face data scarcity. On the other
hand, however, the overall improved bound cannot simply be derived from data augmentation
since invariant GANs have a reduced discriminator approximation error, and our numerical
results further support this distinction. Our findings present several potential avenues for
further exploration. First, it is essential to explore how the dimension of the support of
the noise source p influences the performance of GANs. A recent experimental study [54]
suggests that the dimension of the source should not be significantly smaller than the intrinsic
dimension of the target distribution’s support. Second, exploring the case of unbounded
support for the target distribution, particularly when heavy-tailed distributions are involved,
holds promise for further investigation. To the best of our knowledge, the theoretical study
of how the dimension of the support and the distribution characteristics of the noise source
p influence the performance of GANs is still open. Third, it will also be worthwhile to study
the statistical estimation and expressive power of group-invariant GANs constructed from
equivariant convolutional neural networks (CNNs), based on the universality result of CNNs
(cf. [52]). Lastly, our work assumes the group is finite, which is crucial for defining our group-
invariant generators and discriminators. Extending the analysis to compact Lie groups should
also be explored. While the statistical error from the target Az has been studied in [10, 44] for
continuous groups, it remains an open problem for a novel design of invariant discriminator
architecture and its universality for infinite groups.

8. Proofs of results related to Theorem 4.9.
8.1. Proof of Lemma 4.1.
Proof. Based on the definition of dr in (
dr(S™[(g5,m)10)s 1) = dry (S [(g5 )1 1)
< dry, (S™((gn,m)2P): Fin) + dry, (fin, 1)
< (S0 i) +2 00 1 = ol i 10

EFE w NN

3.1), we have

<dps (S”[(ghm):P)s SZ[(g5 m)sPm]) + dpz (S5 1) 8Pm], Fin)

]
+2sup il [|f = fulloo + dry (fins 1),
ferszeDZ%NH wlloo (Tn, pt)

where the first equality is due to Lemma 3.1, the first inequality is given by the triangle
inequality, the second inequality is due to Lemma 24 in [24], and the last inequality is also
given by the triangle inequality.
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Therefore we have two different terms to bound: dps (SZ[(gfhm)ﬁp],SZ[(gzvm)ﬁﬁm]) and
dps (S*[(9}s 1m)4Pm], Fin). For the first term, we have

dDIZ\,N (SE[(Q:L,mMP] ) 52[(92,m)ﬁﬁm]> = de,N ((g;kz,m)ﬁpa (g;,m)ﬁﬁm)

due to Lemma 3.1 and the fact that Sx,[D% ] = DX . Hence we have

dps  ((95m)10s (9rm)iPm) = sup {E(g;,m)up[h]—E(g;,m)uﬁm[h]}
heDX

= Ssup {Ep[h © g;;,m] - Eﬁm [h © g:z,m]}
heDX §
< de,NogNN (p¢ :/O\m)

For the second term, by the definition in (3.15), we have, for any g € Gy,

dpz  (S*[(g5 m)sPm], Fin) < dpz  (S™[g4Pm], Fin)
<dpz  (S7[95Pm], S™[gs0]) + dpx , (5™ [g3p), Fin)
< dpgNogNN (pv ﬁm) + dDgN (Sz[gﬁp]) //Zn)

Taking the infimum over g € Gy n, we have

dp3,, (S¥[(Gh.m)tPm)s Fin) < dpg oGy (P, 0m) +inf dpz (S™[g0], Fin).

9€GnNN
Therefore,
dr(S*[(g* ) < inf d S=(gypl, fin) + 2 inf —
r(S*[(gn,m)2p) u)fgelgw p3, (S7[gsp), i) + fgéfwé%m”f follo
+ dFE (ﬁn),u') + 2d'D§NogNN (P7 Z)\m)
This completes the proof of Lemma 4.1. |

8.2. Bound for A;. We first cite the following network universal approximation result
from [50].

Lemma 8.1 (universal approximation of Lipschitz functions; Theorem 1 in [50]). Let X be a
compact domain in RY, and let sup,cy ||7||, < F. Given any € € (0,1), there exists a ReLU
network architecture NN (W, L,N) such that, for any f € Lipg(X) and ||| < M, with

appropriately chosen network weights, the network provides a function f such that || f — f <
[e.e]

€. Such a network has no more than c(log % +1) layers and at most coe~%(log % +1) neurons
and weight parameters, where the constants c; and co depend on d, H, F', and M.

Remark 8.2. Though the original Theorem 1 in [49] assumes X is a cube in R, it also
holds when X is some compact domain, since we can extend any f € Lipy(&X’) to some cube
containing X while preserving the Lipschitz constant, by the Kirszbraun theorem [27].
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Proof of Lemma 4.2. By Lemma 8.1, for any € € (0,1), there exists a ReLU network
architecture NN (W1, L1, N1, K1) such that

su inf z)— d(x <k,
S v i N 1f (@) = ¢(2)[| <

where Wy, L1, Ny are given by Lemma 8.1, and K; depends on H, sup,cy ||z| ., and M. Hence
for any f € 'y, and § > 0, there exists ¢ € NN (W71, L1, N1, K7) such that

1f(2) = ol )|, = [[flo™2) — (o™ )|

= lf(z) = ¢(@)]l
<e+4
for any o € X. Therefore,
=] 1 =] 1 3] )
<5 - Z [#(2) = ¢t o)
§e+d

Note that ‘E| Z'E‘l ¢(o; 'x) € DYy, and § can be arbitrarily small, and hence we have

inf [[f(2) = fu(@)] <e

fu€DRy

Since f can be any function in I'y, we have

sup inf ||f folloo
fer sz

This completes the proof of Lemma 4.2. |

Since the weight of the Y-symmetrization layer Wy is determined by 3, and the ReLU
function is 1-Lipschitz, combined with the uniform bound for the weights by K7, the Lipschitz
constant of each layer has a uniform bound. Therefore, we have sup; cps | fll1;, < H for

some H > 0 that depends on X, W7, L1, and K, where || f ||1ip stands for the Lipschitz constant
of the function f. This observation is useful to prove the bound for As in subsection 8.3
following.

Proof of Proposition 4.3. We have

/X 1 — fulPdz < vol(X) | — full2

For the left-hand side, we claim that

2 o o 2 o 2
/le—fwl d:v—/le Sslfull dm+/erw Sulfull? da.
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To prove the above equality, it is sufficient to show that

(8.1) u&fﬁdx:[;&t%&ﬂ—@ﬂﬂﬁ2+5ﬂhhwdm

We show [(Sx[fu])?dz = [ Ss[fs]fodz and [ ff,dx = [ Ss[f.]fdz. First, we have

=] |Z]
2dz = —1 —1 E E ot o te)dz
/X(SZ[fw]) dz = X |E‘ |Z‘ fLU( 7 )fw( j )d

i=1 j=1
2] [Z]

_ 1 € -l

ngﬂméﬁwmu i) d
=] Iz

_1 1 -

DY ;/X 3| ;fw(x)fw( y x)dx

1=

~5r 2 [ L@l @)
i=1

=/&mmmmm.
X

On the other hand, we have
1=

1 _
tASﬂL@ﬂhMZD”;;AJM%I@ﬂ@dw

-5 [ @) da
=1
1=

1;zénwmwx
=1

- [ £
X
where the second-to-last equality is due to f being Y-invariant. |

8.3. Bound for Aj;. Before we bound the generator approximation error, we cite a few
useful results. We denote by Sd(zo, ...,ZN+1) the set of all continuous piecewise linear func-
tions f: R — R? which have breakpoints at zg < 21 < --- < 241 and are constant on (—o0, zg)
and (zy41,00). The following lemma from [49] extends the 1-dimensional approximation
result in [14] to higher dimensions.

Lemma 8.3 (Lemma 3.1 in [49]). Suppose W > 7d + 1,L > 2, and n < (W —d —

| WZ4=L || L] Then for any 20 <21 <+ < zp41, we have 8%z, ..., 2n41) CNN (W, L).

We next provide the proof of the generator approximation error bound from Lemma 4.5.
The construction in the first step of the proof follows that of Lemma 3.2 in [49], and we add
the group symmetrization in the second step of the proof.
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Proof of Lemma 4.5. First, by Lemma 3.1, we have

dpz  (S”[g:p), Tin) = dpz (S [g:p], S™[Fin])

due to Sy [DX ] =Dy

Step 1. Without loss of generality, we assume that m:=n—12>1 and u, = %Zﬁo O,
Let € be sufficiently small such that 0 <e < ™ [|2; — z;_1||, for all i =1,...,m. By the absolute
continuity of p, we can choose 2m points on R,2q /3 <21 < 23/3 <+ < Zpy_1/2 < 2Zm, such that

1
P50, 2172)) = L.
€
Zi1/9: %)) = ————————— 1<i<m,
p(( i—1/2 Z)) m”mi_xi—l”g
1 €

p((Zi,Zi+1/2)) = n - W’LHQZZ'——.’EZ'_1||27

€

p((zm,00)) = — — .
((zm, 00)) n m||$m_$mle2

We define the continuous piecewise linear function ¢ : R — R¢ by

o, EAS (_OO>Z1/2)7
Zi — 2 2= Zi—1/2
— =z 1+ 71/% z € [2i-1/2, %),
d(z):=4 %~ Zi—1)2 Zi — Zi-1/2
Zi, KAS [Zivzi-i-l/Q)a
T z € [2m, 00).

Since ¢ € Sd(zl/Q,...,zm) has 2m =2n —2 < (Wo —d — 1)L%j L%J + 2 breakpoints,
by Lemma 8.3, ¢ € NN (W, Ly). We denote the line segment joining z;—1 and z; by £; :=
{(1—t)w;q +tz; eRT:0<t <1}

Step 2. Note that oL; is the line segment joining ox;—1 and oz; for any ¢ € X since
the group action is linear Then S¥[¢yp] is supported on U‘El (U oL U{ojzo}), and

SZ[¢ﬁp]({ij0}) n|z| SZ[QSW]({UJ%}) n|z| ma [Cbﬂp](gjﬁi) = ﬁz\ for

i=1,...,mand j=1,...,|X|. We define the sum of product measures
1> 1= m
7= Z SZ Wﬁp”{ﬂjl‘o} X 60;'330 + ZZSZ [(WPHUJ-& X 5ajzi-
Jj=1 j=11i=1

It is easy to verify v is a coupling of S*[¢yp] and S*[fi,]. Thus we have

Wi (5Z[gup], SZ[7in]) < / e = ylly dy(z,)
R4 xR4

1=l m

2 3> ) I G R R It

j=11:=1 iLi\ojzi}
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Z] m

<SS ojai — ojzically S¥bepl(0; L\ o))
j=1i=1
] m

<2
||$z Li— 1“2 ‘E’sz—xz 1”2

Jj=11i=1

:E’

where the last inequality is due to X-actions being 1-Lipschitz. Since functions in DJZVN are
H-Lipschitz, we have

dpz, (S™[gsp], S [1in]) < H - Wh(S™[gsp], S [in]) < He.
Since € can be arbitrarily small, we have d'DﬁN(SE [g:p], S%[fin]) = 0. ]

8.4. Bound for Ag. We first cite some useful lemmas before establishing the bound for
Ajz. First, we need the following bound of the Rademacher complexity by Dudley’s entropy
integral.

Lemma 8.4. Suppose F is a family of functions mapping X to [—M,M] for some M > 0.
Also assume that 0 € F and F = —F. Let & = {&1,...,&,} be a set of independent random
variables that take values on {—1,1} with equal probabilities, i =1,...,n. x1,x2,...,2, € X.
Then we have

Zgz xz

and therefore, if p is a distribution on X and ji, is its empirical distribution, we have

E¢ sup
fer

<1nf4a+/ VIEN(F e[ de

M#@mm<m%w%/ OB N (F e |1 de

The proof of Lemma 8.4 is standard using the dyadic path., e.g., see the proof of Lemma
A.5. in [3], which is modified in Lemma 3 in [10].
The following lemma is a direct consequence of Lemma 6 in [21].

Lemma 8.5. Let F be the family of H-Lipschitz functions mapping the metric space (X, ||-||5)
o [-M, M] for some M >0. Then we have

NFe ) < (2

where c1 > 1 and co <1 are some absolute constants independent of X, M, and e.

Lemma 8.6 (Theorem 3 in [42]). Assume that X =X x Xy. If for some € >0 we have
(1) |lo(x) —o'(2')||2 > 2¢, Va,2' € Xy, 0 #£ 0’ €E; and
(2) llo(@) =@z > ||z = 2"l|2, Vo, 2" € Xp,0 € X,

N(X(]ve) <i
N(X.e) ~ 2]

then we have
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Lemma 8.7 (Lemma 6 in [10]). Let X be a subset of RY, and let € > 0. Then there exists a
constant Cq e that depends on d and € such that for e € (0,1) we have

N(Xﬁ)ﬁcd,g‘j\/‘(g’e)-

Following the statistical analysis in [10], we can bound the statistical error drg (fin, p) as
follows.

Proof of Lemma 4.7. By the definition of the probability metric dr (3.1), we have

ng (//Zm H) = |dF2 (ﬁTN H)|

v€l's 1
< sup (Bl = £ 3 (e
V€= i
Lo
:félrz E.lv] - o ;V(To(l“z))‘
(5:2) N R D e eI
~€Lipy (Xo) ni3

where inequality (a) is due to the fact that E,[y] = E,, [v|x,], since p is ¥-invariant and
v € I's,, and the fact that if 4 € 'y, then 7|x, € Lipy(&Xp), where 7|y, is the restriction of ~
on Xo.

Denote by X’ = {2}, 2%,...,2}} i.i.d. samples drawn from uy,. Also note that

T()(J}l), e ,Tg(xn)

can be viewed as i.i.d. samples on X drawn from py,. Therefore, the expectation

Ex sup
~v€ELipa (Xo)

By ) - ;Zv<To<xi>>|
=1

can be replaced by the equivalent quantity

1 n
EX sup EMX [7] - ’Y(:El) ;
v€Lipg (Xo) ’ " ;
where X = {z1,x9,...,2,,} are i.i.d. samples on Xy drawn from py,. Then we have
1 — 1 — 1<
Ex sup |Eu,[vl—=) v(@)|=Ex sup |Ex |=> (i) |——=> (=)
YELipy (Xo) n ; YELipy (Xo) n ; Z n ;

<Exx  sup
~v€Lipa (Xo)

in(fﬂé) - %ZV(%’)
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=Exx.¢ sup
’YGLIPH(XO

Z fz i z))
<2E sup &iy(x
e Y€ELipy (Xo) Z '

~ifsa+ 2L / \/1OgN(]:0,6, Il ) e

where Fo = {y € Lipy (X)) : |||l < M}.
For d > 2, from Lemma 8.5, we have logN(fo,e o) < N (X, C2E)log( My We fix
an € > 0 such that N (X ‘326) =1 and select €* such that ‘325 <1 and 626 S ex; that is,

€* <min (ﬁ HEE), so that by Assumption 3.6, Lemma 8.6, and Lemma 8.7, we have

co€ aM C2€\ Co€ aM
N(XO’H)1°g< e ><N<X0\AO(H) H)log< ; )
M
(0 (5). 5w
./\/’(X,%) M ., coe oM
< 5 log( - )—i—c /\/( H)log( - )
_fd =, _frd
< Cd7eH lOg (Clejw> +CCd,€H log (615\4)

3| cded cded—r

when € < €, where ¢ > 0 is some constant implied by Assumption 3.6. Therefore, for suffi-

ciently small «, we have

M
| losN(Foe ) de
(6% = M
= [ louN(Foe. e+ [ \flsN (Fove, o) de
dEHd 01M CCdeﬂd ClM
(8.3) / \/|Z|c ded d€+/ \/| cged=T < € )de
[ \/IOgN(]:o,Ga [.0) e

For any s > 0, we can choose €¢* to be sufficiently small, such that log( My < 1 when € < €*
Therefore, if we let Dy g =4/ Cd <—, then for the first term in ( , we have

CdeHd
de< D
/\/m > “’/ \/rz|ed+s
<D 1/

__d+s
D;\{ H Ot 2

VRl T
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Notice that the third integral in (8.3) is bounded, while the first integral diverges as « tends to
d—r+s
zero; the second integral is either bounded (if d —r < 2 and s is small) or of order ~ o'~ o

(if d — r > 2), so we can optimize the majorizing terms

“ +24 Dyy o' %
NOENV T

o\ (Diy\™
“‘<n> T ’

1nf8a+/ VIBN (Fo e, ) de

a>0

o\# (Dy,\ " 24 (9\a (Dyig\™ 1
5 SS() r +d+<) (D +0( )
n 2] (52 =1 \n 2] nd+s

Therefore, for sufficiently large n, we have
Ex sup

Z 24 9D% i\ ( 1 )
O Py .'L' = : +o| - T
v€Lip# (Xo) MX ' ( (dJQFS - 1)) ( |Z|n nd+s

8.5 =C S LS
) = (i) "+ \(3)")

For d =1, the first integral in (8.3) does not have a singularity at « =0 if 14+ s< 2. On
the other hand, replacing the interval [0, 1] by an interval of length diam (X)) in Lemma 5.16
in [46], there exists a constant ¢ > 0 such that

with respect to «a, to obtain

so that

cH- dlam(XO)

N(Fose || ll) <e for e < M.

Therefore, we have

24 / cH - diam(Ap) d
e S VA P

8a+/ \/log./\/]-"o,e, (R )de<8a+ﬁ

. This implies that

€

L . . H-di X,
whose minimum is achieved at a = w

inf 80+ 24 / Vios N (Fos e, [1.0) de

< 72cH - dlam(Xg) n 48H/c-diam(Xp)  144cH - diam(Xp)
- n Vn n

_ 48H./c-diam(&Xp)  72cH - diam(Xp)

= N - - )
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Hence we have

1 o 48H \/c - diam(Xp)  72cH - diam(X,
Ex sup |Buyll— = v(@)| < ve (%) _ (%)
v€Lipn (Xo) i N n
This completes the proof. |

8.5. Bound for Ay. To prove the bound for E[dps g, (9, )], we introduce the notion
of pseudodimension from [4], which is another measure of complexity for a class of functions.

Definition 8.8 (pseudodimension). Let F be a class of functions that map X to R. The
pseudodimension of F, denoted by Pdim(F), is the largest integer n for which there exists
(T1ye s Ty Y1y, Yn) € X™ X R™ such that for any (by,...,b,) € {0,1}", there exists f € F
such that

Vi:f(xi)>yi Zﬁ b;=1.

Proof of Lemma 4.8. First, we show that supseps g,y [|f[lo 18 bounded. This is straight-
forward since we can add an additional clipping layer to the output of DJ% N So that its output
lies within, for example, [-2M,2M]. Note that such a clipping does not impact the invariant
discriminator approximation error if we require € < % in Lemma 4.2. By Corollary 35 in [24],
we have

Pdim (DY y o Gnn)logm

dpx o aA S
DNN QNN(p pm)N\/ m

By Theorem 7 in [4], we have PAim(NN (W, L,N)) < NLlog N. Note that we can rewrite
DYy defined in (3.14) as a ReLU network with a larger width (increased by a factor of the
group size) and the same depth L; as Dyp, despite the first layer, where we multiply input
x by the W.’s and the last averaging layer. Importantly, the number of free parameters Ny
remains exactly the same as Dy . Hence, we have

(Nl + W22L2)(L1 + LQ) log(N1 + W22L2) logm

IE’d):o 7Am <\/ ’
[DNN gNN(pp )]N m

where we use the trivial bound Ny ~ W22L2. By Lemmas 4.2 and 4.5, we have N1 < nlogn
and W3 Ly <n, so we have

(nlogn 4 n)(logn + n)log(nlogn + n)logm

E[de,NoQNN (p7ﬁm)] S./ \/

m
2 2
<. P log nlogm.
~ m
Thus if m > n?t2/?log® n, we have Eldps ogny (P Pm)] S n~1/4, [ ]
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8.6. Theorem 4.9 for d =1.

Theorem 8.9 (main theorem (d =1)). Let X =% x Xy be a subset of R, let ' = Lipy (X),
and let Xy be an interval of finite length. Suppose the target distribution p is X-invariant
on X, and the noise source distribution p is absolutely continuous on R. Then there exists
Y-invariant discriminator architecture D%N = Sx[Dnn|, where Dyy = NN (Wq, L1, Ny) as
defined in (3.14) with N1 < nlogn and Ly < logn, and Y-invariant generator architecture

~ ~

Gy, where Gy = NN (Wa, Ly), with W2La Sn, such that if m 2 n*log®n, we have

(0 diam(%)
E [dr(S*[(g5m)s0l: 1] < N

Proof. Tt suffices to choose € ~ n~! in Lemma 4.2 with L; <logn and N1 < nlogn, so
that sup per, infy eps  ([f = fullo S n~1. On the other hand, we can construct

inf dpz (S”[gsp], fin) =0
9gEGN N

with W2 Ly <n by Lemma 4.5. Finally, E[dr,, (fin, 1)] < (HL\/%%) and Eldps ogyx (0 Pm)] S0
by Lemmas 4.7 and 4.8, respectively. |

9. Proof of Theorem 5.2 when d = 1.

Theorem 9.1 (1-dimensional submanifolds). Let X = £ x &y C R? and T' = Lipy (X).
Suppose Xy is diffeomorphic to some interval of finite length, the target distribution p is -
mwvariant on X, and the noise source distribution p is absolutely continuous on R. Then there
exists X-invariant discriminator architecture Dy = Ss[Dnn], where Dyy = NN (W1, L1, Nq)
as defined in (3.14) with N1 Snlogn and Ly <logn, and X-invariant generator architecture
QJ%N, where Gyn = NN (Wa, La), with W3Ly Sn, such that if m > n* log® n, we have

B [dr(5%] (g5 ol )] < P2,

where peri(Xy) denotes the perimeter of Xy in R,

n

XIV in [45)]. m

Proof. Tt suffices to show that Az < &\/@0), which directly follows the proof of Theorem
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