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Hypergeometric Random Variable

Hypergeometric Random Variable

N= size of the population

Population members come in two kinds: r are of type I and N − r are
of type II .

Take a sample of size n in the population. (n must be less than or
equal to N).

The hypergeometric random variable Y gives the number of samples
which are of type I .

The pdf of Y is

p(k) = P(Y = k) =

(r
k

)(N−r
n−k

)(N
n

)
The number of possible samples is

(N
n

)
. If Y = k then there are

(r
k

)
ways

for the sample to give k type I and
(N−r
n−k

)
ways to n − k type II .
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Sampling with or without replacement

Mean of the hypergeometric RV

If X is hypergeomtric with parameters N=total population size, r=number
of type I, n=sample size. Then

E [X ] =
nr

N

Hypergeometric RV = sampling without replacement: you pick a sample
of size n out a population of N.

Sample of size n with replacement out of a population of size N with r
elements of type I gives a binomial with probability of success p = r

N .

P(X = k) =

(r
k

)(N−r
n−k

)(N
n

)︸ ︷︷ ︸
without replacement

vs

(
n

k

)( r

N

)k (N − r

N

)n−k

︸ ︷︷ ︸
with replacement
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Sampling with or without replacement in picture
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Hypergeometric with N=80,r=10, n=20
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Binomial with n=20 and p=10/80

Figure: Left: without replacemnt (hypergeometric). Right: with replacement
(binomial). If N is very large one expects that sampling with or without
replacement will look quite similar.
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Keno game (often played on video in bars, new draw every
few minutes)
Game ticket

The player select r numbers (for
example r = 10).

20 numbers are drawn from 80
numbers

Payout if you k of your 10
numbers match.
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Keno

For a 10 spot game, we have
N = 80, r = 10 (=the numbers you have chosen)
n = 20 sample size, since 20 numbers are sampled out of 80

p(k) = P(match of k) =

(10
k

)( 70
20−k

)(80
20

)
Expected payout for a bet of $1.

E [P] =2× p(0) + 2× p(5) + 20× p(6) + 80× p(7) + 500× p(8)

+ 10, 000× p(9) + 100, 000× p(10) = 0.6930

Ouch.....
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