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Sample mean for normal distributions

o If Y1 ~ N(p1,07) and Yo ~ N(p1,07) then

a1Yl+aYs ~ N(alul + axuo, 3%0'1 + a%a%)

e If Y; are independent and Y; ~ N(y, 02) then

Yi+- Y. : .
———" is normal with mean x and variance ¢/n

Y =
n
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Z-Score

Table 4 Normal Curve Areas

Standard normal probability in right-hand tail
(for negative values of z, areas are found by symmetry)

Atea

Second decimal place of z

z 00 01 02 0 04 05 .06 07 08 .09
0.0 5000 4960 4801  A761 4721 4681 4641
0.1 4602 4562 4404 4364 4325 4286 4247
02 4207 4168 4013 3974 3936 3897 3859
03 3821 3783 3632 3594 3557 3520 3483
04 3446 3409 3264 3228 3192 3156 3121
0.5 3085 3050 2912 2877 2843 2810 2776
0.6 2743 2709 2578 2546 2514 2483 2451
0.7 2420 2389 2266 2236 2206 2177 2148
0.8 2119 2090 1977 11949 1922 1894 .1867
09 1841 1814 7111685 L1660 1635 1611
1.0 1587 1562 1515 1492 1469 .1446 1423 1401 .1379
111357 1335 12921271 1251 1230 1210 .1190 .1170
12 1151 1131 10931075 L1056 1038 1020 1003 0985
13 0968 0951 0918 0901 0885 0869 0853 .0838 0823
1.4 0808 .0793 0764 0749 0735 0722 0708 .0694 .0681
L5 0668 0655 0643 0630 .0618 0606 .0594 0582 0571 .0559
1.6 0548 0537 0526 0516 0505 .0495 0485 0475 0465 .0455
1.7 0446 0436 0427 0418 0409 0401 0392 0384 0375 .0367
1.8 0359 0352 .0344 0336 .0329 0322 0314 .0307 .0301 .0294
19 0287 0281 0274 0268 .0262 .0256 .0250 .0244 0239 .0233
20 0228 0222 .0217 .0212 .0207 0202 .0197 .0192 .0188 .0183
210179 0174 0170 0166 0162 0158 0154 0150 0146 0143
220139 0136 0132 0129 0125 0122 0119 0116 0113 .0110
23 0107 0104 0102 .0099 0096 0094 0091 .0089 .0087 .0084
24 0082 0080 .0078 .0075 .0073 0071 .0069 .0068 .0066 .0
2.5 0062 0060 .0059 .0057 .0055 0054 .0052 .0051 .0049 .0048
2.6 7 .0045 0044 0043 0041 .0040 .0039 .0038 .0037 .0036
27 0035 0034 0033 .0032 .0031 0030 .0029 .0028 .0027 .0026
28 0026 0025 0024 0023 .0023 0022 .0021 .0021 .0020 .0019
29 0019 0018 0017 0017 .0016 0016 0015 0015 0014 .0014
3.0 .00135

35 000233

40 0000317

4.5 000003 40

5.0 000000287

From R. E. Walpole, Introduction to Statistics (New York: Macmillan, 1968).
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e P(Z>1.21)= 1131 from the
table.

@ For the area to the left
P(Z<121)=1-P(Z >1.21)
=1-0.1131 = 0.8869

o By symmetry
P(Z < —-0.88) = P(Z > .88)
= .2177

P(|Z| < .88)

= P(—.88 < Z < .88)

=1-P(Z> .88)— P(Z < —.88)
1— 2177 — 2177 = 0.5646
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Example

A bottling machine fills bottles with a normal distribution unknown(!)
mean p and a standard deviation of o =1 fl. oz.

If you fill 9 bottles what is the probability that the mean p is within .3
fl.oz of the sample mean Y?

Standardize with the variance "72

P(JY —pu/ <03} = P(-03<Y -pu<03)

- (=T =

-0.3 0.3
= Pl —<Z7< —
<1/\/§ T T 19
= P(-.9<Z<.9)=.6318 Use z-score table

) Z standard normal

Say if we observe 9 bottles with an average of 19.5 fl. oz then the true
mean us is in the interval [19.2,19.8] with probability .63187
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Example, continued

How many bottles should you fill for Y to be no more than .3 ounces from
1 with probability .957
Use that for Z a standard normal we have

P(—.1.96 < Z <1.96) = .95 from z-score table.

P(IY—p/<3) = P

03 _Y-—p_ 03 >
o/ = ajyn = oy

(
(02 czc 02)

And thus )
3vVn=196<n= (1—26) = 42.68

We need 43 bottles for a 95% confidence interval of .3 fl. oz
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Central Limit Theorem

Very useful — when n is large everything looks like a normal RV! So it
can be computed using the z-score

Central Limit Theorem

Suppose that Y7, Yo, - -
V[Y;] = o%. Then

P<a§ Y_“gb>—>P(ag2gb)asn—>oo.
G

-, Y, are IID random variables with E[Y;] = p and

where Z is standard normal random variable.

b
1 2
To compute P(a< Z < b) = / ———e*/2dx use z-score table
pute P(a < Z < b) i

Luc Rey-Bellet (UMass Amherst) STAT 315 December 3, 2025 6/22



Note that since Y = %(Yl +---,Y,) we have

Plac X Fop)oplac it Yoz
NG o

so use either the sum Y1 4 --- + Y}, or the average %(Yl +- 4 Yn).

Important to remember the scaling in n.

E = Y —
L] ffz } H has mean 0 and variance 1.
n

U/W
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Comparison with normal, n =10 Comparison with normal, n =50

— &1+, + Y1) — Y1+, +Ys)
-—- u=1,0>=1/10 2.5 ——- p=1,02=1/50

Figure: Comparing the sample mean of n exponential with 5 =1 (that is a
gamma with a = n and 8 = 1/n) and the corresponding normal with same mean

and variance that is 4 =1 and 02 = 1
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Proof of the CLT

First let us rewrite
Y —p

Un= 7o

where Z; are |ID with

Luc Rey-Bellet (UMass Amherst)

Yi+ Yot oot Yo—np
oy/n
1 (Y1—M+ Yo—p

(o g

/n
1
7ﬂa+&+m+a)

E[Zz]=1 V[Z]=1.
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We now use MGF and show that

where Z is standard

my,(t) =

Luc Rey-Bellet (UMass Amherst)

mUn(t) — mz(t)

normal.
Elet) = £ [otar 2
E [etﬁzl e etﬁzn]
1 1
E |:etﬁ21:| = [etﬁz"} by independence

tiZI n
E [e Vn } by IID property
t n
7 ()
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We use then the Taylor series of order 2:
t2
f(t) = £(0) + tf'(0) + 5?‘”(0) + small error
applied to mz, (t).

t? t?
mz,(t) = mz(0) + tm’, (0) + Emgl(o) +-o=1+0+ 5 T

since mz,(0) = 1, m (0) = E[Z1] = 0 and m7 (0) = E[Z}] = V[Z1] = 1.

Then we can conclude

t t2 " 2
m - m — =11 s , et /2
Un(t) ! (\/ﬁ) < n) €

. . n
since limp_yo0 (14 %)" = €*.

This is the MGF of a standard normal, so we are done.
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Example

An astronomer is measuring the distance in light-years to a certain star.

The measurement has mean d but is noisy due to measurement error and
the variance is 02 = 4.

How many measurement should the astronomer perform to measure d
with a precision of .5 light year and 95% confidence?.

Denote X1, Xo,--- , X, the n measurement. For n large, using CLT we get
- -5 X d .5
P(-5<X—-d< b)) = < < )
( ) 2/ = 2/vn =2V

&

And thus

1.96 = 4 = n=(7.84)2 = 61.47
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Example: Poisson

The number of student enrolling in a class has a Poisson distribution with
mean 100. If there are more that 120 students then we will need an extra
section. What is the probability that an extra section is needed?

Exact solution: P(X > 120) = 1 — 5119 =100099)% __ 02893 (using
technology).

Careless approximation: We have E[X] = 100 and V[X] = 100. Since X
takes only integer discrete values we have

P(X > 120) = P(X > 119.5)  continuity correction .

Let us pretend that X is normal with ;2 = 100 and 0® = 100. Then we
have

X — 100 - 119.5 — 100
v1000 /100

P(X >119.5) = P ( ) ~ P(Z > 1.95) = 0.0256

Why so close to the correct answer?
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Example: Poisson, continued

Recall that if X is Poisson with parameter X\ then the MGF is
m(t) = E[etX] = eMe'—1),

If X1 and X5 are independent Poisson random variables with parameters
A1 and A; then

mX1+X2(t) - mX1(t)mX2(t) = e)\l(et_l)e)\2(et_1) = e(AH—)Q)(et_l)
and thus X; + X5 is Poisson with parameter A\; + A».
Therefore if X is Poison with parameter 100 we can write

X =X1+ X2+ -+ Xio0

where X; are IID Poisson with A\ = 1.

Normal approximation is totally reasonable by the CLT.
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Example: test scores and difference of sample mean

Test scores in a standardized High School test has a statewide mean of 60
with a standard deviation of 87

Question 1: In NHS 100 students take the tests and obtain an average
score of 62. The principal congratulates their students for such an
excellent score. Is this justified?

Sample size n = 100, Y;=score of student /. Sample average Y =62.
Using the CLT we have

— Y — 2 _
P(Y > 62) = P( 60>6 60>

8/4/100 — 8/4/100
~ P(Z>25)=0.0062 (1)

Very unlikely! The sample of NHS is not representative from the statewide
population. The principal was correct!
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Question 2: 100 students take the exam in NHS with an average of

X = 100 (X1 + -+ X100) and 50 students take the tests in AHS with an
average Y = 0(Y1 + -+ Ys50). What is the probability that the differecne
between the average scores | X — Y| is at least equal to 17

Look at the difference X — Y. We have

EX-Y] = EX]—E[Y]=p—p=0
wxﬁ1:vm+wﬂ;%+%:%j

By the CLT we have

PIX-Y|>1)=P(-1<X-Y<1)

-1 _X-Y-0_ 1
8,/3/100 ~ 8\/3/10 8\/3/10

~ P(—.721 < Z <.721) = 529  so not unlikely

Luc Rey-Bellet (UMass Amherst) STAT 315 December 3, 2025 16 /22



Normal Approximation to the binomial distribution
Suppose X; are 11D Bernoulli RV (= Binomial with n =1 and p) with PDF

P(X=1)=p, P(X=0)=1-p
Then

X=Xi+---+ X, = number of successes in n independent trials

= Binomial with parameters n and p

So we can use the normal approximation which is very good, even for
small n!

Continuity correction: Here X take integer discrete value but the the
normal RV is continuous so we can and should adjust the interval

P(X<7)=P(X<75) or PBIX<12)=P(45< X <125)
Leads to much better results when using CLT where you replace a

discrete RV with a continuous RV.
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Example: X binomial with parameters n =25 and p = .4 so
E[X] = np =10 and V[X] = np(1 — p) = 6.

e Exact: P(X <8)=.274

@ CLT with continuity correction

X -1 b5—-1
P(X <8) = P(X < 85) = P( 0_85 °>

v T V6
~ P(Z < -0.61)=.2709 very good

o CLT witout continuity correction

X-10 _8-10
Ve T Ve

Not so good: always use the continuity correction!

P(X§8):P( ) ~ P(Z < —.81) = .2089
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Normal approximation of the binomial n=25, p=0.4

0.16 —— normal

[ binomial
0.14 1

p(k) and f(y)

S e

o o =
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~
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Figure: PDF of the binomial with n =25 and p = 4 and PDF of the normal with
p=np =10 and 0> = np(1 — p) = 6. The shaded area is P(X < 8.5) with
continuity correction.
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This works well even for a single value of X

P(X=8) = P(7.5<X <8J5)
7.5—-10 X —10 8.5—-10
P < <
( Ve T Ve T Ve )
P(—-1.02 < Z < .61) = .1170

%

Compare with the exact value
P(X =8)=.1198 awesome!

n = 25 is not a big number.....

Always use the continuity correction!
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Empirical rule for the normal approximation to the binomial

You can use normal approximation to the binomial if n moderately large

and p not too close to 0 and 1.

max(p, 1 — p)

empirical rule: n>9 —
min(p,1 — p)

For example if p=1/4 <1/2 then 1/4=p <1— p=3/4 and the
empirical rules means n > gl;pp =27.

Recall that if n is large and p is very small we have the Poisson
approximation to the binomial.

X is approximately Poisson with A = np
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Poisson vs Normal

1 in 410 American is a lawyer (a true fact)and your town has 1,500
inhabitants. What is the probability that no lawyer lives in your town. The
number of lawyers X is a binomial with n = 1,500 and p = 1/410

Exact: P(X = 0) = (492)"% — 0.02565

Poisson approximation: n is large and p is small so X is approximately
1500
Poisson with A = np = 151000 so P(X=0)=e"*= e w0 = 0.02577

Normal approximation:

1 X — 1451000 % - 1451000
P(X=0) = P(X<Z)=P 1 400 = 1 400
2 1500410 410 1500315 410 410

~ P(Z < —1.653) = 0.04913

The relative error is 100%.
The rule of thumb is violated: n = 1500 and QI_TP =0 x 409 = 3681....
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