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1 Conditional Expectation




1.1 Motivation and definition

® Martingales are models of fair games and to understand then we need to understand first conditional expectations.
Conditional expectations is a very useful concept to understand how information obtained from measurement can be
incorporated to make predictions.

® Suppose we are given a random variable Y. If we know nothing about the outcome of experiment generating Y then
our best guess for the value of Y would be the expectation E[Y] On the contrary if we measure Y itself then our
prediction would Y itself! Conditional expectations deals with making best guesses on the possible value of Y when
we have some partial information which is described by some collection of other random variables X1, X, - - - , X,,.

® Example: discrete RV: Suppose X and Y are discrete random variables with joint density and marginals

joint pdf p(z,y) = P(X =2,Y =y) marginals p(z) = Y p(z,y), p) =) pz,y)

To define the conditional expectation E[Y | X | we need to give the best guess for Y given that we have observed
X = xwhichis

EY|X =z]=) yP(Y =y|X =u) Zy (: :Xx): z) _ Zypz(oﬂ(ﬁ,w?;)

which is well defined for those x with p(x) > 0.




® Thefunction E[Y |X = x| defines a function of the random variable X which we define to be E[Y | X]. For example

if we roll two independent dice and X is value of the first roll and Y the sum of the two rolls
then we have

1

f(m7y):%7 r=1,2---,6 y=z+1,---,2+6.

and this

7
E[Y’X:w]ZZE—Fi

sothat B[Y | X] = X + I,

® |nasimilar way we candefine E|Y | X1, - - - , X,,] for discrete RV with joint pdf p(x1, - - - , Zn, Y).




Example: continuous RV: In a similar way, if Y, X1, - - - X, are continuous RV with a joint pdf f (21, - - , Z,, y) with
marginal f(z1,- -+ ,2,) = [ f(x1, -+, Ty, y)dy then the function

f(wlf" awn7y)
f(w17"' 7mn)

defines a probability density function provided (x1, - - - , ,) issuch that f(z1,--- ,x,) # 0.Then the expectation

E[Y|X]_—331 / f .’L']_, T 7wn7y) dy

wlf" 7wn)

Y =

defines a function of (x1, - - - , @, ). We leave this function undefined whenever f(x1,--- ,x,) = 0 (orsetitto 0 if you
prefer).

Any function of h(zq, - - - , &, ) can be used todefineaRV h(X7, - - - , X,,). Note that, as aRV, this

does not depend on how the function is defined when f(wl, IO :cn) — 0 since such x have probability 0.

We call the corresponding random variable E Y| X1, - - - , X,] and call it the conditional expectation of Y given
X1, , Xn.




The conditional expectation has the following properties

1. E[Y|X;--- X,]dependonlyon X1, - - - , X,, inthe sense that it is function A (X7, - - - , X,). In the language of
measure theory E[ X |Y7, - - - , Y, ] is ameasurable function with respect to X1, - - - , X,,, or better with respect to
the o-algebra generated by X1, - - - , X,,.

2. Suppose that A is an event which depends only on X7, - - - , X,, for example the rectangle

A:{ai <X;<b,1=1,--- ,n}
and let 1 4 be the corresponding indicator function. Then

To prove the second property note that

E[E[Y|X1, -+, Xu]14] = /E[Y|X1 =21, , Xp = xp|la(zr, 20 f21, -+, xn)dey - - - day

/ (/ f L1y $n7y)dy) f(.’L‘l, . ’$n7y)dw1...dwn
xla ) )
//yf 1, T, y)dyday - - da,

—EY1A




1.2 General defintion of the conditional expectation

What we have demonstrated with examples are instance of a general theorem. We use the notation J,, to denote all the
information contained in the random variables X7, - - - , X,,. We say that arandom variable Z is [measurable with

respect to F,]if Z = h(X3,- -+, X,,) can be expressed as a function of (X1, - - - , X,,). We say that aset A is
measurable with respect to JF,, if the function 1 4 is measurable with respect to F,,. This simply means that A should be

specifiued using the random variable X.

Theorem 1.1LetY and X1, - - - , X,, be random variables on a probability space (£2, F, P) and assume that
E[|Y|] < oo.Let F, be the o-algebra generated by X7, - - - , X,,. Then there exists a unique random variable
EY|Xy,---,X,]suchthat

1. E[Y|X,,- -, X,]is measurable with respect to J,,.
2. For any A measurable with respect to J,, we have

E[Y14) = E[E[Y|X1, - ,Xu|14] forall A € F,.

A more geometric way to understand conditional expectation as an (orthogonal) projection is explored in the homework.
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1.3 Properties of Conditional Expectations

From now we use the abbreviated notation for the conditional expectation

EY|F,| = E|Y|Xy, - ,X,]

The conditional expectation has the following properties

Theorem 1.2 The conditional expectation has the following properties

1. Linearity: E[a, Y] + asY3|F] = a1 E[Y1|F,] + ax E[Ys| F)
2.1tY = g(X1,--+ ,X,)thenE]Y |F,] =Y

3. IfY isindependent of X1, - - - , X, then E[Y | F,] = E[Y]

4. 1fm < nthen E[E[Y |F,]|Fn] = E[Y|Fnl.

5.1 Z = g(Xq,-+-,X,)then E[Y Z|F,] = ZE[Y | F,,].
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Proof. The idea is to use the uniqueness statement in Theorem 1.1.

For part 1. E'Y;|F,,| are the unique J,, measurable random variables such that E|Y;1 4] = E[E[Y;|F,]14] and so by
linearity

a1 E[E[Y1|F,]14] + a2 E[E[Y1|F,|14] = a1 E[Y114] + a2 E[Y514] = E[(a1Y; + a2Y3)1 4]
and by uniqueness we must have E|a1Y; + asYs|F,| = a1 EY1|F,| + as E[Y3| F,,].
Forpart2.ifY = g(Xy,- -, X,,) thenY itself satisfies the definition.
For part 3.if Y isindependent of X1, - - - , X, then by independence and linearity
EY14] = E[Y|E[14] = E|E[Y]14]

which, by uniqueness, proves the statement.

For part 4.note that E[E[Y | F,]| F,] and E[Y | F,,] both depend only on X7, - - - X,,,. Moreover if A is F,,
measurable and m < n thenitis also JF,, measurable. So we have

E[E[Y’Fm]lfl] — E[YlA] - E[E[Y‘Fn]lA] — E[E[E[Y’Fn]‘Fm]lA]

which, by uniqueness, proves the statement.

Finally for 5.if Z = 1p and B is F,, measurable then
EEY1g|F,|14] = E|Y1gl,| = E|Y14-g| = E|E|Y |F,||1514]

which proves the statement. For general Z one use an approximation argument by simple functions.
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1.4 Examples

Example Suppose Xj; are [ID random variables with u = E|X;|andlet S, = X + - - - + X,. If we take m < m then
we have
E[Sn‘]:m] :E[Xl +"'+Xm‘]:m] +E[Xm+1 +"‘+Xn’}—m]
=Xi+ -+ Xn+EXna+ -+ X =Sn+(n—m)p

since X1 + - - - + X, is F,;, measurable and X, 11 + - - - + X, isindependent of X1, Xa,--- , X, (see
Theorem 1.2, properties 2 and 3.)

Example Let S), as in the previous example and assume that 1 = 0 and let o? = V(Xz-) be the variance. If we take
m < n we find, using properties 2. 3. and 5. of Theorem 1.2.

E[S;|Fn] = E[(Sm + (Sn — Sm))*| Fum]
= E[Sp|Fn] + 2E((Sn — Sn)Sm|Fn] + E[(Sn — Sm)*| Fum]
=82 1+ 28, E[(Sy, — Sp)|Fm] + E[(Sn — Sp)?]
+ 82 + 28,,E[S, — Sp] + E[(Sp — Sim)?]
=82 +V(S, —Sp) =852+ (n—m)o?
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Example If X; are Bernoulli RV and m < n let us compute E[S,,|S,,]|. Note first that

P(X,=1|S, =k) =

n—1\_ _k—1 n—=k
1— k Sh
(})pF(1 —p)n~ n n
and thus

m

E[S,|S,] = 8, .
n




1.5 Exercise

Exercise 1.1 (Conditional expectation as a projection)

1. Show the following: if E[|Y'|?] < oo (which ensures that all expectations exists) then E[Y'| F,,] is is the random
variable measurable with respect to J,, which minimizes the mean square error, that is it solves

min{E[(Y — Z)?] : Z F,, — measurable}
Hint: Write Z as Z = E[Y | F,] + W and expand the square.
2. Suppose E[Y?] < coandm < n.Show that
E[(Y — E[Y|Fa))?] + E[(E[Y|F.] — E[Y|Fn))?] = E[(Y — E[Y|Fn))?]
in particular E[(Y — E[Y |F,])?] is a decreasing function of n.

3. Suppose E[Y 2] < oo and define the conditional variance to be the random variable V (Y | F,,) = E[Y?|F,] —
E[Y | F,]?. Show that

V(Y)=E[V(Y|F)] + V(E[Y|F.])

14




2 Martingales




2.1 Definition and simple examples

Definition 2.1 Consider a collection of random variables X1, X5, - - -. A sequence of random variables
My, My, M, - - - is called a Martingale with respect to the filtration JF,, if

1. E[|M,]|] < ooforalln.

2. M., is measurable with respect to F,,

3. For eachm < nwe have E[M,,|F,,] = M,

Remark To verify the martingale porperty 3. in Definition 2.1 it is enough to check that
E|M, 1| F,] = M, for alln
since this property implies that, by item 4. in Theorem 1.1
E[My 2| Fn| = E[E[My 2| Fral|Ful = E[Mpy1|Fo] = M,

and so on.

17
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Example One of the prototype of a martingale is given by sum of |ID random variables. Let
So=0, S, =X1+---X,

As we have seen before, if m < n,
E|Sp|Fm] = Sm + (n —m)u

This implies that M,, = \S,, — nu is a martingale.

Example Suppose Y is arandom variable with EHYH < 00. Then we can build a martingale with respect to F;, by
setting

M, = E[Y]]:n]
Indeed we have, form < n
E[Mn‘]:m] - E[E[Y‘Fn]}-m] - E[Y|}—m] = My,

In that case we say that the martingale is closed by the random variable Y and we can think of M, as succesively “better”
approximation of Y as we incorporate more and more information.
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2.2 Martingale and fair game

Suppose we are playing a sequence of independent fair game with two outcomes (e.g betting on the flip a fair coin.) We
describe this by RV X such that

P(X;=+1)= P(X;= 1) =,

The RV describe the winning obtain by betting an amount of 1 on the ith game and the game is fair since E[XZ] = 0.

A betting sequence is a sequence of RV B,, such that

1. B,, is the amount of money bet on the nth game.

2. B,, is measurable with respect to JF,,_1.

3. E[|B,|] < c.

The second property means that the way you bet on the nth game is guided by the past outcomes of the n — 1 previous
bets. No peeking into the future allowed! The winnings after n games is given by

W, =) BiX; withiWy=0
k=1

and we show it is a martingale.
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Clearly W, is F,, measurable and E[|W,,|] < oo.Moreover we have

E[Wn—kl‘fn] — E[Bn+1Xn+1’Fn] + E[Wn‘}.n] — Bn—i—lE[Xn—i—l‘-Fn] + Wn — Wn

where we have used that B,, , 1 is F,, measurable and E[X,,] = 0.

The martingale property implies that E|W,,] is constant: we have
E[Wn] — E[E[Wn‘-rn—l]] — E[Wn—l]

which means that your expected winning in fair game is zero.

But this is not the end of the story. In a betting strategy you will do a sequence of bet and decide of a good moment when
you actually stop betting. Consider for example the following well known strategy (often called the martingale strategy):
double your bet until you win. If you win the first game you stop and take you gain of W7 = 1. If you lose the first game

you bet 2 on the second game. If you win the second game you winningis Wy = —1 4+ 2 = 1 and then stop. If you lose
the first two games you know bet 4 on the third game abnd if you win the third game you winningis W3 = —1 — 2 +
4 = 1,and so on... We have then the transition probabilities P(W,+1 = 1|W,, = 1) = 1l and
n 1 n+1 n 1

P(Waii =1 W= —(2"=1) =5 P(Wap1 = -2 = 1)|Wo = —(2" - 1)) =
and this is a martingale. It is true that E[Wn] = 0 but however when you stop, which happens at arandom time 1", you
always win 1! The time 1" at which you first win occurs has here a geometric distribution. We will consider stopping time
in the next section.
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2.3 Polya Urn

Consider an urn with balls of two colors, say red and green. Assume that initially there is one ball of each color in the urn.
At each time step, a ball is chosen at random from the urn. If a red ball is chosen, it is returned and in addition another red
ball is added to the urn. Similarly, if a green ball si chosen, is is returned together with another green ball.

Let X,, denote the number of red balls in the urn after n draws. Then Xy = 1 and X, a (time-inhomogeneous) Markov
chain with transitions

k n+2—k
P(X,.1=k+1|X,=k) = P(X,.1 =kl X,=k) =
(Xnt1 + 1 ) "t 2 (Xns1 | ) 9
We now define
M, = fraction of red balls after n draws

n+ 2
Then M, is a martingale since

k n+2—k k X,

F X, 11X, =k| = 1 = FX,1X, =X, .
[ Xnt1] k] = (k+ )n—|—2+k ——; n+2+k:> [ Xn11]| X0 s

Since this is a Markov chain,

X, 1 X, X,
EM,.,|F,| =EM,|X,|]=F [ +l ]Xn] = — (Xn + ) = =M,
n—+3 n +
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2.4 Martingale and Markov chains

There is a natural connection between Markov chain and martingale. We explain this in the context of Markov chains but
this is just an example. Consider a function f : S — IR and let us derive an equation for E[f(Xt)] Using Kolmogorov

equation we have
cczis X1) dth )pe(i Zf (peA) (@ Zf prt (G,8) = ) > A, 1) f(5)pe(5)
i

and thus

d

T Blf(X)] = Elg(X¢)] whereg = Af

Integrating the previous equation we find

E[f(X))] - Elf(Xo)] = /0 BIAf(X,)]ds

There is a martingale hidden in this equation. Indeed consider the random variables

Y, = £(X)) — £(Xo) - / AF(X,)ds

Our previous calculation shows that E[Y}] — 0, moreover by the Markov property we have
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2.5 Exercises

Exercise 2.1 (Martingales for IID random variables)

1. Ssuppose X7, X5, - - - are 11D random variable with E|[X;] = 1.Showthat M,, = X; X5 - - - X, is amartingale.

2. Suppose X1, Xy, - - - are IID random variable with a moment generating function A (t) = E[e!Xi] and let S,, =
etSn

X7 + -+ X,,.Showthat M,, = A is a martingale.

k
3. Suppose M, () is amartingale then under reasonable conditions on the derivatives, \da‘llWMn (a)isalsoa

martingale.

4. Use the method of part 3. and the martingale the M,, = M,,(t) in part 2. to derive the martingales associated to
the first three derivative of the martingale (att = 0).

Exercise 2.2 (Likelihood ratio martingale) Suppose the RV X has pdf f(z) and the RV Y has PDF g(z). Show that

M, = H?Zl f‘g(z; is a martingale with respect to X1, Xa, - - - where X are 11D with pdf f(z). This martingale is

called the likelihood ratio martingale.




24

Exercise 2.3 (Martingale associated to the Poisson process) Suppose IV, is a Poisson process with rate A. Here we
denote JF; the o-algebra generated by X, for0 < s < ¢.

® Show that NV, — At is a martingale with respect to F;.
® Show that N? — At is martingale with respect to F;.

® Showthate™ ™ isa martingale with respect to JF;.

Exercise 2.4 Consider a branching process X,, with mean offspring number 1 and extinction probability a. Show that

o M, = X,u "isamartingale with respect to Xo, - - - , Xp,.

e M, = a*" isamartingale with respect to Xo, -, Xp.




Exercise 2.5 Show (by induction) that for the polya’s urn we have

P(X,=k+1)=

n+1

Show that M, converges to M in distribution. Find M .

fork=1,2,---

25




3 Optional Sampling
Theorem




28

3.1 Stopping times

A stopping time T" with respect to a sequence of random variables Xy, X1, - - - should be such that the random time at
which you decide to stop depends only on the information you have accumulated so far. If you decide to stop at time n
then it should depend only on X, - - - , X, and you are not allowed to peek into the future.

Definition 3.1 A stopping time T’ with respect to the filtration J,, is a random variable taking values
{0,1,2,--- ,+00} such that for any nn the event {T" = n} is measurable with respect to F,,.

Example: T = ks a stopping time.
Example: The hitting time Ty = inf{j, X; € A}, for some set A, is a stopping time.

Example: If T" and S are stopiing time then min{.S, T'} is also a stopping time. In particular T,, = min{7T',n}isa
bounded stopping time since T,, < nandwehaveTy <T; <..-<T, <T.
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3.2 The optional sampling theorem (version 1)

The optional sampling theorem says, roughly speaking, that “you cannot beat a fair game” which means that if M, is a
martingale and T is a stopping time then E/| M| = E|[M,]. This is not true in general as we have seen when considering
the martingale betting systemwhere 1 = E[Mry| # E[M,] = 0.We start with the following result

Theorem 3.1 (Optional Sampling Theorem (1’ bounded)) Suppose M., is a martingale and T is a bounded stopping
time (i.e.T' < K)then

E[Mr|Fo) = My

and in particular E| M| = M,.

Proof.Since T' < K we can write
K
Mp=> Ml j
=0

We compute next | Mr|Fk 1]. Note that since T is bounded by K we have 1y7—gy = 1y~ g1} whichis
measurable with respect to Fx_1. Therefore we find




30

K1
E(Mrp|Fgx_1] = ElMg 1o g1y | Fr-1] + E[M;lir_j|Fr-1]

j=0
K-1 K-1
= Lok -3 E[Mg|Fxa]+ Y Mjligr—jn = Lirsgk-1yMg_1 + Z M;lir—j
J=0 j=0
K—2
= Lirox-aaMg -1+ Z M;lir_p
5=0
where we used that M;17_jy is Fx 1 measurableif j < k — 1.
Using this we find
E[Mr|Fg 2] = E[E[Mr|Fx1][Fx-2|
K—2
= Ellirok oyMr 1| Fr—2] + Y EIM;liz—jj|Fi ]
§=0
K-3
= lrog 5y MK + Z M;lir_py
§=0

and thus, inductively,

EMp|F) =M, 1
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3.3 The optional sampling theorem (version 2)

To prove a more general version let us assume that P(T' < 0o) = 1.ThenT,, = min{T', n} converges to T  and we
can write

Mp = Mg, 1i7<py + Mrlipapny = Mg, + Mrlipany — Mplirany

Since T, is bounded by the optional sampling theorem we have E| M7 | = M. But we need then to control the
remaining two terms.

If we assume that M7 is integrable, E[| Mr|] < oo, the assumption P(T' < 00) = 1 means that 1{7-,} converges to
0 and thus by the dominated convergence theorem we have lim,,_, E[MTl{T>n}] = 0.

The third term is more troublesome. Indeed for the martingale betting systems, if I' > n it means we lost n bets in a row
which happens with a probability of zin foratotallossof —1 — 2 — ... — 2771 = —(2™ — 1). Therefore

1 n
E[Mnl{T>n}] = 2—n(1 — 2 ) — —lasn — o

It does not converge to 0 but to 1 in accordance with the result E[M7] = 1.

These considerations leads to the following
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Theorem 3.2 (Optional Sampling Theorem (general version)) Suppose M, is a martingale and 1" is a finite stopping
time (i.e. P(T < o0) = 1).If E||M7| < o0] and

lim E[|M,|l{r>n] =0

n—0o0

then E[MT] — MO.

Remark If the sequence M, is uniformly bounded, i.e. |Mn| < (' then the optional sampling theorem holds since
E[|Mn|1{T>n}] < CP(T > n).

Remark Another condition which gurantees the optional sampling theoremis if C' = sup,, E[Mg] < 00. Indeed if this
holds given € > 0 we have

E[|M,|17-,) = E[\Mn\lw >C/elrsn] + El| M|, 1<c /e lr>n]
C C
5 E[| M, 1ipopy] + P(T >n) <e+ P(T > n)

Takingm — 0o shows that lim,, E[|M,|1ip.,y] < €
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3.4 Applications of the optional sampling theorem.

Example: Gambler’s ruin probability. Define Sy = aand S,, = a + X; + - - - + X, where X arre IID fair bets
P(X; =— ):P(Xizl):%.

Then \S,, is a martingale and consider the stopping time
T =min{n:S5,=0o0rs, =N}

which describe the time at which a gambler starting with a fortune a either go bankrupt or reach a fortune of V. Note
thatif T > nthen S, < N andthus E|[|Sy|1¢p-,n] < NP(T > n) — 0asn — oo.

E[ST] = E[So] = a.
But we get then

a=E[Sy] = NP(Sy=N) =— P(Syr=N)= %

This gives another (computation free) derivation of the gambler’s ruin formula! The case p 7 % can also be treated using
a (different) martingale and will be considered in the homework.
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Example: Gambler’s ruin playing time. Suppose S,, is like in the previous example. Then M,, = SZ — nis also martingale
since

B[S —n+1|F] = B[S, +2X, 18, + X —n+ UF| =5 +1-(n+1) =5, —n

To apply the optional sampling theorem we note that P(T" > n) < Cp" since T is a hiting time for a finite state Markov
chain.
Therefore we have E[| M, |1{7-n1] < (N? + n?)Cp"™ — 0and we can apply the optional sampling theorem and

E[Mr] = E[M,] = o
But, using the previous example we find
a®* = E[My) = E[S7] — E[T] = N*P(Sy = N) — E[T] = aN — E[T]
and thus
ET|=a(N —a)

which gives the expected length of play.
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3.5 The Voter Model

We can use martingale like for the gambler’s ruin to analyze much more complicated models. The voter model is a simple
opinion dynamics model. Here are the ingredients.

® AgraphG = (V, E) is given. At each vertex of the graph is an agent who can be either in state 0 or in state 1. We
view this as two different possible opinions for the agent. We describe the state of the system by a vector

0= (0(v)),eyr Witho(v)e€ {0,1}
and the state spaceis § = {0, 1}/,

® We think of G as a weighted directed graph. To every directed edge we associate a weight function c(v, w) > (0 and

definec(v) = ) c¢(v, w). We do not need assume that c(v, w) = ¢(w, v). But we assume that the graph is

connected: there is path along directed edges between any pair of two vertices. To this weight we can associate
transition probabilities

Let Y,, be the Markov chain on the state state space V' with transtion probaility p,.,. It is irreducible and has a
stationary distribution 7w(v). If ¢(v, w) = ¢(w, v) then the Markov chain Y, is irreducible and we know that the

stationary distribution is m(v) = %i) where cg = Y, ¢(v). In general 7 might be difficult to compute explicitly.
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In the voter model, at each unit time you pick a voter, say voter at vertex v. The voter picks one of his neighbor w with
probability p,,, and, if his neighbor at vertex w has a different opinion than his opinion, the voter at v adopts the opinion

of w. This is admittedly a pretty simplistic model but let us analyze it nonetheless.

Let denote by X, the corresponding Markov chain on S. The transition probabilities are given by

1
P(o,0 +e,) = —1i5w)=0} Z p(v, w)

w:o(w)=1

1
P(o,0 —e,) = — 1{5@w)=1} Z p(v,w)

w:o(w)=0

where e, is the state withe, (v) = land e,(w) = O ifw # v.

The key insight is the following

Theorem 3.3 For the voter model

M, =nX, =) m(v)X,(v)

isamartingale.
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Proof. By the Markov property
E[Mn+1 - Mn|X07 T aXn] — E[Mn+1 - Mn‘Xn]

so it enough to show that E[M,, .1 — M, | X,, = o] = 0.

To see this we note that
Xn+1 = Xn :l: ev :> Mn+1 — Mn — :|:7T(’U)

Therefore
1
EM, .1 — M,|X, =0] = V] Z Zw(v)p(v, W) (Lio(w)=0} 1 {o(w)=1} — L{o@)=1} L{o(w)=0})

Now we rewrite

Lio@w)=0} L{o(w)=1} — L{o(w)=1}L{ow)=0} = Liow)=0}(1 — Lo@w)=0}) — L{o@w)=1}L{o(w)=0}
= Low)=0y = H{o(w)=0}

and thus

E[Mn—H — n‘X — J]

Sr@pww) - Y S wwp,w)

H()
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Using the fact that 7 is the stationary distribution we have the balance equation

Y w(v)p(v,w) = Y w(w)p(w,v)

v v

Using this and then exchanging the indices v and w we find
> D mp,w)= Y Y w(w)p(w,v) =
w:o(w)=0 v w:o(w)=0 v

which implies that

Y w(v)p(v,w)

v:o(v)=0

E[Mn1— My|Xn=0]=0

and therefore M, is amartingale.

We can now apply Theorem 3.1 where we take the stopping time to be the consensus time at which everyone is
agreement.

T = inf{n, X,,(v) = 0 for all v or X,,(v) = 1 for all v}

Note that these are absorbing states and since the Markov chain has finite state space P(T < oo) = land M, is
bounded (infact 0 < M,, < 1). We have, similarly to the gambler’s ruin,

P(Xr =(1,---,1)) = E[Mr| = E[M,] = mX(0)

which is the absorbtion probabilties.
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Example If the underlying model is a random walk on the graph ¢(v, w) = ¢(w,v) = 1then7(v) = (12%}(;() and we can

easily compute
7 X . For example if we consider the complete graph on N vertices or any regular graph such that all vertices have the

same degree then P(Xp = (1,--- , 1)) is simply equal to the proportion of vertices with opinion 1.
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3.6 Exercises

Exercise 3.1 Here is another version of the optional sampling theorem. Suppose that M, is martingale. The increments
B,, of the martingales are givenby B,, = M,, — M,,_;.

Show that if the stopping time T" hase finite expectation E[T] < 00 and if the martingale M, has uniformly bounded
increments, i.e.

sup E[|B,|| < C

then E|Mr| = E[M,].
Hint: Bound E[| M, — Mjy|] and then use the dominated convergence theorem to take n — 00.

Exercise 3.2 (Wald’s identity) As we have seen before, if (XZ) are |ID copies of a random variable X and IV is integer
value RV which is independent of the X s then E[Zﬁzl X;| = E[X]|E|N].

Prove the folliwing generalization: If T is a stopping time with E[T'| finite then E[Zle X;] = E|X|E[N].Hint:
Consider a suitable martingale and use Exercise 3.1.
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Exercise 3.3 (Gambler’s ruin probabilities and expected playing time) Suppose P(X; = 1) = p, P(X; = —1) =
gq=1—pandletS, =a+ Xo+---+ X,.AndletT = min{n: S, =0ors, = N}

Sh
1. Show that M,, = (%) is a martingale with respect to X1, Xo, - - -.

2. Use part 1. and the optional sampling theorem to compute P{St = 0}.

3. Use the martingale Z,, = S, + (1 — 2p)n and part 2. to compute E[T].




4 Martingale Convergence
Theorem
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4.1 The convergence theorem

The martingale convergence theorem asserts that, under quite general circumstances, a martingale M., converges to a
limiting random variabel M ..

Theorem 4.1 (Martingale convergence theorem (version 1)) If M,, is a martingale such that E[|M,,|] < cforalln
then there exists a random variable M, such that M,, converge to M, almost surely.

Proof. Pick two (arbitrary) numbers a < b. The idea of the proof is to show that the probability that the martingale
fluctuate infinitely often between a and b is zero. Since this will be true for any a, b this shows almost sure convergence.

Consider the following betting strategy. Think of M, as the cumulative gain from a sequence of fair games and thus
M, .1 — M, is the gain from the n + 1st game. Take make the following sequence of bets

® |f M, < amakesbets B,, = 1 until the martingale M,, reaches or exceeds the value b.

® Once M, reaches b, stop betting (that is B,, = 0) until M,, comes back to less than a.

Continue this process. If the martingale fluctuates infinitely often between a and b then the betting strategy will provide
a long term gain and we show that this cannot happen because of the martingale property.
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The gain from this strategy after n games is given by

W, =) Bj(M;— M)
j

where Bj is either O or 1 depending on the position of the martingale. Since Mj is a martingale then WW,, is a martingale
with respect My, M7, M>. Indeed we we have E[M,, 11 — My,|F,] = 0.

EWoii|Fal = E[Busi(Mi1 — M) |Fal + E[Wa|F] = Wi

Let U,, the number of upcrossing up to step n that is the number of times the martingales goes from below a to above b.
Then from the structure of the betting

Wn>(b—a)U, — (W, —a)-
since (W), — a)_ overestimate the loss during the last interval of play (if B, = 1).Since E[W,| = E[W| we have

E[(Wn_a’)—] < c+a

E[Wo] = EW,] 2 (b~ a)E[U;] — E[(W, —a)-] = E[U,] < ————— < - —

Since the right hand side is independent of 1, the number of upcrossing up to infinity U, has finite expection and thus
U, is finite almost surely. W




4.2 Uniform integrability

® From the convergence theorem we have M,, — M, almost surely. In general it does not imply that lim,, [ M,,] =
E M) without further assumption on M,,. For example, for the martingale betting system we have E[M,,| = 0 for
all n. However if we stop betting at time T’ (first win) then our gain after that stay at 1 and thus we have lim,, W,, =
1 almsot surely so My, = 1 and clearly E|M,,]| does not converge to E[M ]!

® Inorder to obtain convergence we need a stronger condition on M, than our assumption sup,, E[|M,|] < C < oo.
The proper mathemtical asuumption is that the sequence M, should be uniformly integrable (see Math 605 for more
details). The sequence { X, } is uniformaly integrable if

sup E|| X, |1 x,>r] — 0as R — o0

This means that the tail behavior of X, is controlled uniformly. We have the following

Theorem 4.2 If X, converges almost surely to X and { X, } is uniformly integrable then lim,, E'| X,,| = E|X].

For example if sup,, E[||X?2] < ¢ < ocothenthe { X, } are uniformly integrable. The argument is the same as the one
used after Theorem 3.2

Theorem 4.3 (Martingale convergence theorem (version 2)) If M, is a martingale and {Mn} are uniformly integrable
then there is arandom variable M, such that M,, — M, almost surely and lim,, ,, E[M,,] = E[M]
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4.3 Random Harmonic series

Random harmonic series It is well-known that the harmonic series 1 + % + % -+ - - - diverges while the alternating
harmonic series 1 — % + % — .. - converges.

What does happen if we chose the sign in the series randomly? Let X; be 1D random variables with P(X; = —1) =
P(X; =1) = i.Let My = Oandforn > 0define

"1
M, = ZEXj.
j=1

Since M, is a sum of independent random variable with mean 0, it is a martingale and we have E[Mn] = Qforalln.

By the martingale convergence theorem we have M,, — M converges almost surely. Therefore the random harmonic

series )~ ; ;X converges almost surely.

Note that by independence E[M?] = 2?21 ]lz < o0 and thus M), is uniformly integrable and E[Zjoil %Xj] = 0.
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4.4 Branching process

Suppose X, is a branching process with offspring distribution given by a random variable Z with mean u = E|Z].
First we prove that M,, = u~ "X, is amartingale. We have, using the Markov property, that E[ X, ;1| F,] =
E[X, .1|X,]and

E[Xp1| Xy =K = B2 + -+ 20" = yk

and thus E[ X, 11| X,,] = puX,,. This proves that u =" X, is a Martingale.

If 1 < 1 we have proved that the probability of extinction is 1 and thus X,, = 0 for all n sufficiently large and thus M,,
converges to 0 almost surely.

If © > 1andthen M,, = X,,/u". By the Martingale convergence theorem we have M,, — M,. We show that M is
a non-trivial random variable by showing that E[ M| = lim,, E[M,] = 1 (if we start with single individual).

To do this we need to show uniform integrability. Suppose o? = V(Z). We have the formula
E((Mni1 — Mn)*|Fo] = E[M | Fu] — 2E[Mn 1 M| Fo] + E[M,| Fo] = E[M, | F] — M,
and so
E[My |Fn] = My, + E[(Mny1 — Mn)*| o]
To compute the second term note that

E[(MnJrl — Mn)2‘Fn] — E[(M_(n+1)Xn+1 - ,U/_an)2|]:n] — :u_2(n+1)E[(Xn+1 o :U’Xn)zu:n]




Now
B[(Xn1 — uX0)!| X0 = k] = BI(Z{" + -+ 2" — uk)?] = ko
andso E[(X, 11 — nX,)?X,] = X,,02

Combining all this gives (using again that E{u " X,,| = E[M,] = 1)

E[Mg,) = E[M;] + p """ Vo B[X,] = E[M] +

n 1

1
EIM}]=1+0") —
kzz'u

This proves that sup,, E[|M,,|*] < oo and thus M,, is uniformly integrable.

Thus M is non-trivial.
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4.5 Estimating the mean in Bayesian statistics

Estimation problem Suppose X1, X, - - - are 11D random variables whose mean E|X;| = 6* is unknown. In a Bayesian
spirit we equip @ with a probability distribution (called the prior distribution) and called this random variable ©.

Example: The simplest model is when X; are Bernoulli random variables with a unknown probability of success 6. A
natural prior distribution for © is the uniform distribution on [0, 1]. In this case we would have the joint distribution

n

f(ﬂ?l, ce 73377,79) —_— f(agl, cen 7Xn|0)f(0) — (k> 0331—}--.._1_3;"(1 . e)n_g;1_|_..._|_$n

There is a natural martingale associated, namely

M, = E|O], M, = E[O|X4,---,X,]
This means that M| is the expectation of 8 under the prior distribution f(6) and M,, is the expectation of 6 inder the
posterior distribution f(0|x1,--- ,x,).

By the martigale convergence theorem (under suitable assumptions on 6 to assure uniform integrability of M,,, for

example if © is bounded) we have

lim M, = M.,

n—oo
where M, is a random variable which depends on the infnite sequence X1, Xo, - - -.

Since form > nwehave M,, = E[M,,| X4, - , X,,] takingm — oo shows that M, = E[M | X1, -, X,].
Since @ is the mean, by the LLN, for fixed 8 we have




X1+ -+ X,
6 = lim 1t +

n—00 n

and thus @ is a function of X1, Xo, - - -. This shows that M, = 6 and thus

lim E[O|Xy, -+, X,] =0

n—,oo

In our simple example we can compute the posterior distribution by Bayes rule (after dusting up our knowledge of the
Beta random variables)

_ (Z)9131+"'+$n(1 _ g)n—az1+---+a:n B (n + 1)!
fol (Z) it e (1 — @)t +a df k!l(n — k)!

9$1+' S (1 . H)Tl—ib’l—l—' -tz

f(é’!ﬂ?b T 73371)

which a beta random variable with parametera = k + 1and 8 = n + 1 — k. The mean of beta random variables with
_a

parameters o and 3 is 1P

B 1+X;+---+ X,
n -+ 2

EO|X1,- -, X,]

This is related to the Polya’s urn. To see this let us compute P(X; + - - + X, 1 = k+ 1| Xy +--- + X, = k)
under that model. By conditioning we find
P(X1_|_..._|_Xn+1 :k+1|X1+..._|_Xn:k)
E+1
n+ 2

1
0

which is the same transition as Polya’'s urn.
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4.6 Polya's urn

Let us consider the general Polya’s urn starting with  red balls and g green balls. At each time a ball is drawn at random,
replaced in the urn together with ¢ extra balls of the same color.

Theorem 4.4 (Polya’s urn is a martingale) Let X, be the number of green balls in the Polya’s urn at time n. Then

M, = 1%_’;%, that is the fraction of green balls at time 7 is a martingale with respect to X, X1, - - -.

Proof. At time n there is a total of » + g + ncballs in the urn. The sequence X, form a time-inhomogenous Markov
chain with transition probabilities

. . j : N _Ttgtnc—j
P(Xpi1 = j+c| Xy = j) = P(X,.1 = §|X, = ) =
(Xni1 =17 +¢ )= e (Xnt1 = gl )= e
By the Markov property E[M,, 1| Xq, -+ , X,,| = E[M,,1|X,] and we have

, +c ' ' r+g+nc—y
E[Myp1| Xy = j] = J J i J g J

r+g+n+ecr+g+nc r+g+n+1l)ec r+g+nc

jr+g+(n+1)c) _

T (r+g+(ntle)(r+g+nc) r+g+nc

andthus E[M, + 1|X,,] = T+‘§_’;nc =M, N
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By the martingale convergence theorem we know that M,, — M, almost surely and we know identify the distribution
of M, by computing the distribution of M,,.

The basic observation is that the probability to get first m green balls and thenn — m red balls is given by

g g+c g+ (m—1)c r r+(n—m-—1)c
g+rg+r+c g+r+(m—-1cg+r+mec g+r+(n—1)c

(4.1)

Note also that if we pick m green balls and n — m red balls in any order then the probability of that event will have the

same probability. Indeed the denominator in Equation 4.1 will be the same and the terms in the numnerators with also be
the same but will permuted and appear in a different order.

As awarm up let us consider the special case 7 = g = ¢ = 1 we obtain from Equation 4.1

n) mli(n—m)! 1

P(Xn:m—i—l):( m=20,1,2,---,n

m/) (n+1)! n+1
N L 11 1
Therefore M, is uniformly distributed on s Brrere SRR Z—L

This shows M, converges in dsitribution to the uniform distribution on [0, 1]. Indeed for any bounded continuous

function h : [0, 1] — R we have by a Riemann sum argument

Eh(M,)] = :i‘;h (ni2> nil R /h(w)dw
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In general we have

Theorem 4.5 (Asymptotic distribution in the Polya’s urn) The proportion of green balls in the the Polya’s urn with
paramter r, g, ¢ converges to a beta distribution with paramter % and %

Proof. We prove it only for ¢ = 1 and leave the general case ¢ > 1 to the reader. Starting from Equation 4.1 we find for
the number of green balls

P(anm—l—g): (n)g(g+1)...(g+m—1)r(r-|—1)...(r_|_n_m_1)

m (g+r)(g+r+1)---(g+7+(n—1))
_ (g+7r—1)! n! (g+m—Dl(r+n—-—m—1)!
(r —Dl(g— !'ml(n —m)! (g+7+(n—1))

m—1)!  (r+n—m-1)!
(g+r—1)! mIyl(n—m)1 (ng—i_!mg—ll) (n(_;)g(n_ml))r_l

(r _ 1)!(9 _ 1)! nrtg—1 (g+r+(n—1))!

n!n’l’+g*1

We now take the limit n — 0o and . — 0o such that % — 2 and % — 1 — x Note that

g+(m-1)! (m+1)m+2m+g-—1

- = —1 asm — o
mlm9I— m m m

The other terms in the last fraction likewise converge to 1.
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Thereforeasn — o0

P(Mn: g+r+m) - ( (g+r—1) (m)r—l (n—m)g_ll

g+r+mn r—1Dl(g—1)!'\n n n

By a Riemann sum argument this shows that the distribution of M,, converges to beta random variable with parameters

gandr. W

The case when ¢ > 1 is handled in a similarly manner using the Gamma function and details are left to the interested
reader.




4.7 Exercises

Exercise 4.1 In this problem we consider a Branching process with a geometric distribution of the offsprings P(Z =

k) = pq”®, Note that Z has moment generating function E[§%] = 1_—1(19.

1. We will need to compute the n-fold composition $f*n = f f $. To do this we will use fact from geometry about
fractional linear transformation.

2.

3. To identify the distribution of M, we compute for A > 0

Ele*My] = lim

n—oo
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5 Martingale concentration
inequalities
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5.1 Conditional Jensen inequality

Suppose ¢ : R — Ris a convex function. There are two equivalent ways to characterize convexity.

1. ¢ is conevx if and only if, for all z, y and 0 < a@ < 1 we have

¢laz + (1 —a)y) < ag(z) + (1 — a)é(y)
that is, the line segment between (z, ¢(x)) and (y, ¢(y)) lies above the graph of ¢(t) for t between  and y.

2. ¢ is convex if and only if for any g there exists a such that

¢(z) > p(z0) + a(x — o)

that is there exists a line which lies below the graph of ¢ and interesects the graph at x = xy. If ¢ is differentiable
thena = gb’(azg) and ¢ lies above its linear approximation at any point xg.

Both characterizations of convex function will come handy. An fairly immediate condition of convexity is Jensen
inequality which we present here in its conditional version.




Theorem 5.1 (Conditional Jensen inequality) Suppose X is a random variable with E[| X|] < coand¢ : R — Ra

convex function. Then we have

O(E[X|Y]) < E[¢(X)|Y] conditional Jensen inequality

In particular we have p(E | X]) < E|[¢(X)] (Jensen inequality).

Proof. Choosing £y = E[X |Y] we have
¢(X) 2 (EX|Y]) + a(X — E[X]Y])

where a = a(Y') is arandom variable which is measurable with respect to Y.

Taking conditional expectation with respect to Y and using the property of conditional expectation we have

Elp(X)[Y] > E[¢(EX|Y])[Y] + Ela(Y)(X — E[X|Y])[Y]
= ¢(E[X[Y]) +a(Y)(EX]Y] - E[X]Y]) = ¢(E[X]Y])

and this proves Jensen inequality. .
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5.2 Hoeffding’s bound

o242
Recall that if X is a normal random variable then its moment generating function is given by E[etX] = eM*+ %2~ which
implies, by Chernov bound the concentration bound

E [et(X—E[X]) 5242 2
P(X - B(X] > o) < inf T80 D0 e {22} _

tzo ete

2

Note that we also have a similar bound for the left tail, P(X — E[X] < —¢) < e 27 prove in the same way.

It turns out that bounded random variables also satisfies such Gaussian concentration bound. To do this we need the
following fact which expresses the fact that among all random variable supported on the interval [—A, B] with mean 0

the one which is most spread out is a random variable concentrated on the endpoints — A and B.

Theorem 5.2 (Hoeffdings bound in conditional form) Suppose X is a random variable such that E[ X |Y'| = 0 and
—A < X < B.Then for any convex function we have

B A

Ble(XY] < e(-A) 5 + 4B 13

In particular if A = B, we have

A242

E[e"*] < cosh(At) < e
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Proof. If x € |[— A, B] let us write x as a convex combination of — A and B, that is

B —«x A+zx
- —A
= a7 N T A B
The convexity of ¢ implies that
B-X A+ X

BX) < S oA + (B,

and taking conditional expectation with respect to Y and uising that E[ X |Y] = 0 gives the result.
Taking now ¢ () = €' and A = B we find

E[e"*] < Z(e ™ + e?') = cosh(At) = Z

N | —
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5.3 Azuma-Hoeffdings concentration inequality

The next theorem provides concentration inequality for martingales with bounded increments.

Theorem 5.3 (Azuma-Hoeffding’s theorem) Suppose M, is a martingale with M; = 0 and with bounded increments,
i.e. B, = M, — M, _1 satisfies the bound

|B,| <o,.

Then we have the Gaussian concentration bound

Proof. Using the Martingale property and Theorem 5.2

252

E[e"] = E[E[e"™"|F._1]] = E[E[e"e'P"|F,_1]] = E[e" E[e"P"| F,_1]] < e%E[etM"‘l]

. tM. t2 Egzl UI%: .
Ilterating we find E[e**] < e~z — and Chernov bound gives the result.




5.4 McDiarmid Theorem

McDiarmid theorem is an application of Azuma-Hoeffdings theorem and provides concentration bounds for (nonlinear)
function of independent random variables X7, - - - , X,,, under certain conditions.

Definition 5.1 We say that h(:cl, Lo, "+, :r:n) satisifies the bounded difference property if there exist constants c;.

such that for all zy, ),

|h(w17"' s Ly " " 7mn)_h(x17"' 7w;m"' 7mn)| <ck

that is we control the change of h when changing only one coordinate at a time.

Theorem 5.4 (McDiarmid Theorem) Suppose X1, - - - X, areindependent RVs and h(z1, - - - , x,,) satisfies the
bounded difference property (almost surely). Then we have

&2

— =3
22 k=1

P(h(X17 7X’n) _E[h(le"' aXn)] > 8) <€
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Proof. “Martingale trick”: We construct a suitable martingale. Let us define random variable Y}, by Yy, =

Elf(Xq,---,X,)]and, forl < k <mn,
Yvk — E[h’(Xh 7Xn)’X17°'° 7Xk]

Note thatY;, = h(X1,--- , X},) and by construction E[Y;| X1, -+ , X;_1] = Y};_1 thatis Y,, is a martingale and so
is M,, =Y, — Y. Touse Theorem 5.3 we need to prove that the increment

Yk _Yk—l :E[h(Xla 7Xka"' 7Xn)|X17"' 7Xk:] _E[h(Xla 7Xka"' 7Xn)|X17"° 7Xk—1]

is bounded.

Duplication trick: Let X\k be an independent copy of the random variable X .. Then by linearity of the expectation and
the bounded difference property we have, almost surely,

E[h X1, Xk, -+, Xn)| X1, -+, X] — E[h(X1,- - X, - X)X, Xkl < e (5.1)

Furthermore we have

E[h(Xh 7Xk:7"' 7Xn)’X17"' 7Xk—1] — E[h(Xla 75(\1{:7'” 7Xn)’X17"' 7Xk—1]

— (5.2)
— E’[h(Xl, ce ,Xk’ co 7Xn)‘X17 cen ,XK]

The first equality holds because X, and Xk are identically distributed and left-hand side is a function of X1, - - - , X_1.
The second equality holds because X} and X, are idependent. Combining Equation 5.1 and Equation 5.2 shows that

Vi — Yi—1| < cralmostsurely. W
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5.5 Appplication to statistical estimators

Example: empirical mean Suppose S,, = X + - - - + X, is asum of IID random variables such that E| X;] = p and
a < X; < b.Thenthe function h(xq,--- ,x,) = §1+n—+xﬂ satisfies the bounded difference property with c;, =

—(b;a) and we recover the classical Hoeffding’s theorem for bounded random variables

X e+ X,
P( 1+ +
n

2

_ _2ne

— B> 8) <e (o7

Example: empirical variance Suppose we are interested in estimating the variance o2. Then using the unbiased variance

estimator

1 S\ 1 S2
— X, — ") = X2___"n
Yo n—lz( ‘ n) n—l_Z " (n—1)n

k=1

with E[V,] = o2 If we change X into X then Sp( Xy, -+, X)) — Sn(jf\l, e, X)) =X — X and so

SnX\a"'axn
L Sl ))

n n

Vn(Xla e 7Xn) - Vn(X\la e 7Xn)

CXE-XP X - Xy [ Su(Xy, . Xy)
- n-—1 n—1
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Letus assume a < X; < b, since we can replace X; by X; — (a + b/2) without changing V;, we can instead assume

that — @ < X; < (b;a) and then find the bounded difference bound

5 2
—~ 2(b—a
‘Vn(Xla 7Xn) _Vn(Xla"' )Xn)’ < % = Ck

and thus by McDiarmid we get

2
(n-1)? g2

P(Vn - 0'2 2 5) S e 2351 % < e " 25(-a)t

and this decay exponentially in /N again. This can be used for a non-asymptotic confidence interval for the variance.
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5.6 Balls and Bins

Another classical example in probability is the so-called “Balls and Bins problem”: suppose we have m balls that are
thrown in 7 bins, the location of each ball is chosen at random independently of the other balls. It turns out this problem

occur in many algorithmic optimization problems. We can ask many questions realated to this problem. For example what
is the probability that one bin has more than two balls in it (this is a version of the famous birthday problem!), or we can
ask what is the maximal number of balls in a bin or the number of empty bins, and so on...

Let us compute first the expected number of empty bins. We write
N=X;+ ---X,

where X; = listhe it" binis empty and 0 otherwise. For the first urn to be empty, it must be missed by all balls and this
occur with probbaility (1 — %)m and thus
1 m
E[N]=n (1 — —)

n

We prove a concentration bound around the mean using a martingale argument. We consider the sequence of random
variable Y; to be the bin in which the " ball falls and write N = N(Yi,---,Y,,). Toapply Theorem 5.4 we check the

bounded difference equality. Consider how /N changes when we change the location of the it" ball. If the ¥ balls lands in
a bin of its own then changing Y; may increase N by 1 or left it unchanged. If it lands in a bin with other balls, then
changing Y; may decrease IN by 1. Then, by Theorem 5.3 we have

2

plad

P(|[N — E[N|| >€) <2 m
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.7/ Empirical processes

As another application of Azuma-Hoeffding’s theorem we consider empirical processes which are given by
Z(X1, -+, Xn) = sup Zf E[f(Xi)]

where X; are 11D random variables and f belongs to a suitable class of function . We assume here that

sup |[f(z)| < Bforall f € F

i.e. the functions f are uniformly bounded. One of the simplest example of empirical process to consider the function
fi(z) = 1y<¢ By the LLN we have

1 n
- Z lix,<np = P(X <t) = Fx(t) almost surely
k=1

where Fx is the distribution of the RVs X;. By Glivenko-Cantelli Theorem we have

suﬂ;g |ﬁ Z lix,<iy — Fx(t)| = 0 almost surely
t

that is we have uniform convergence of the empirical distribution to the true distribution.
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Empirical processes satisfy the bounded difference property: indeed if we set

g(T1,- -+, xn) = %Zf(wi) E[f(X)]'

Then
~ 1 1, i 2B
o(on, - oo m) = |- 3 F@) — BFO] 4 -(F(@E) — F@)| < gler, o G w) + o
k=1
from which we conclude that Z (&1, -+ , Zg, -+ ,&p) < Z(X1, -+ Ty, Tp) + %. Interchanging x3, and

proves the bounded difference property with ¢, = %. Then Theorem 5.3 show that, for every € > 0.

[\V]

ne

P(|Z — E[Z]| > €) < 2¢

H

ne2

This tells us that the behavior of Z is controlled by its mean E|Z]|. For example if we set § = e 282 we have

2 1
|Z — E|Z]| < By/ - log 5 with probability at least 1 — 24

foranyd > 0.
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To go further we need to control the mean E[Z] and to do this we need two results.

202 .
Theorem 5.5 Suppose Y7, Y5, - - - , Yy are RVs (no independence needed) with E[etYi] <e's fori= 1,---,N.
Then

E[miax Y| <o+/2In(N)

and

Emax|Y;|] < 04/2In(2N)

Proof. By Jensen inequality we have

252

etBlmexi Vil < prgtmexi Yoy < ZE[etYi] < Ne®

i
Thus

logN to?

t 2

ElmaxY;] <

and optimizing over t yields the result. Note that if Y; satisfies the condition of the theorem so does —Y; and thus we also
have
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Theorem 5.6 Suppose €; are |ID Rademacher random variable (i.e. equal to £=1 with probability %) Then we have
1 n
[sup Z f(x )]' < 2Fyx [E [swx;p - Zeif(Xi)]]

1=1
Proof. We use a duplication trick and consider RVs Y7, - - - Y}, which are indepndent copies of X1, - - - X,,. We have then

51;p |% Zf(Xl) — E[f(Xz)]] =F [S‘\;P |% Zf(Xz) — E[f(Y3)]]

= FEx Sl;p Ey[l Z f(Xz) - f(Yl)]
1—1
< ExBy [sup SR — ()
i i—1
< ExEy s?p % e (f(X:) — f(Y2)) ]
I i—1

where in the last line we have used that multiplying (f(X;) — f(Y3)) by a factor —1 is equivalent to exchanging X; and
Y; and thus does not change the expectation. Taking now expectation over €; and using the triangle inequality yields the

result.
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This is a very useful since have gotten rid of | f (X; )] which maybe unknown and we have now a quantity which depnds

only onthedata X1, - - - , X,,. How useful this can be is deonstrated next in the context of Glivenko-Catelli Theorem.
Theorem 5.7 We have
log2(n + 1) ne?
P | sup Lix,<sny — Fx 22\/2 +e] <e 2
(teR n Z t J ( ) n

Proof. Using Theorem 5.6 we bound E [sup,cp |+ Y1 €1¢,,<4 |] for some fixed values of the &;. Given those values
andsince f(x) = 1{,7;9:} is a characteristic function of a half interval, as t varies there are only n 4 1 possible values for
the functions (f (1), - - , f(x,)) (To see this order the x; in increasing order). Therefore the supremum over ¢ reduces

to asupremum over . + 1 values (whichdependonxy, -+ , ;).

2
. . . : S_
Since €; satisfies a Gaussian bound E[e*%| < e we have

2

n n
Ee[esl Z lfk;]-{a:k<t} HEe[eiekl{xkq} Heﬁz —
k=1

:I"”

1

a bound which is independent of the x;’s! Thus by Theorem 5.5 with o’ = ~ we find

S

1<~ 1
E.[sup |- Zeiﬁl{xigt}ﬂ <+/2In(2(n+1))

n
teR M 1=




6 Martingale, Markov
chain, and CLT
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6.1 The Dynkin Martingale and Markov chains

Consider a Markov chain Xj with state space S and transition probabilities P and consider any (bounded) function f :
S — R.

We want to construct a martingale associated to the sequence of random variables Y; = f(XJ)] =0,1,2,.--

If the f(Xj) were independent it would be enough to assume that they have mean 0. In general we use the following
construction to build a martingale. If we are given sequence of integrable RV Y7, Y5, - - - then we set

D, =Y, — E[Ym‘}foa T 7Ym—1]

and we have then E|D,,|Yy, - -+ , ¥;,,_1] = 0.So we can build a martingale by using D, as the increment of the
martingale. We set

Applying this idea to the sequence Y,, = f(X,,) generated by a Markov chain with generator P we set

D,, = f(Xm) - E[f(Xm)‘Xm T 7Xm—1] — f(Xm) - E[f(Xm)’Xm—l] — f(Xm) - Pf(Xm—l)

is a martingale increment with respect to the sequence X, Xo, - - -.
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We obtain therefore the martingale

My = 3 F(05) — PR 2) = F05) — F(X0) + 3(F(X,) — PF(X,)
e - (6.1)

for f bounded and where we used the notation A = P — I.This martingale is called the Dynkin’s martingale.

If we want to apply martingale theory to analyze the sum 2?21 g(Xj) then we would like to use the martingale

Equation 6.1. To do this we must a find a function f such that

Af =(P-I)f = —g

Then we would have a martingale

n—1

M, = f(X,) — f(Xo) + > _g(X;)  with Af =—g
j=0

which, up to the correction term f(X,,) — f(Xo) is equal to 2?21 9(X;).
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6.2 Poisson equation

What we have uncovered to build a martingale from a Markov chain is an important equation

Definition 6.1 (Poisson equation) Let X, be a Markov chain with transition matrix P. A function f satisfies the Poisson
equation for the function g if

Af = —g where A=P -1

Note that Poisson equation needs not have a solution for arbitrary g. We investigate this in the context of finite state
space Markov chain.

Theorem 6.1 Suppose X, is an irreducible Markov chain with transition matrix P and stationary distribution 7. Then
the Poisson equation A f = —g has a solution if and only if g has mean 0 with respect to the stationary distribution,

thatismg = Y, m(2)g(¢) = 0.
The function f is then given by
f=M—(P-1)"g

where I1 is the matrix whose each row is the stationary distribution 7r.
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Proof. By irreducibility the matrix P has a unique right eigenvector h = (1, IO 1)T (up to a mutliplicative constant)
and unique left eigenvector 7 for the eigenvalue 1 and the algebraic multiplicity of 1 is also equal to 1.

The matrix IT is a projection, IT?> = IT and we have PII = IIP = II, that is IT projects onto the eigenspace
corresponding to the eigenvalue 1 and we have ITf = (wf)h.Soif wf = Othen (P — II) f = P f.As aconsequence
(P — II) = P(I — II) has the same eigenvalues as P except the eigenvalue 1 which is replaced by the eigenvalue 0
and thus I — (P — II) isinvertible.

If f solves the Poisson equationthen (P — I)f = —gandthustPf — nf = nf — wf = 0 = —mg which implies
thatmg = 0.

Conversely taking g withmg = Oletusset f = (IT — (P — I)) ™ 'g. This implies that
f —(P-Df=Tf - Af =g
which proves the claim if we can show that ILf = 0. But since II commutes with P we have
If =TI~ (P-1I)) 'g=(—(P-1I)) 'g=0

providedthatwg = 0. W
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The object involved in solving the Poisson equation occur in various other contexts and deserve a name.

Definition 6.2 (Fundamental matrix) For an irreducible finite state Markov chain X, with transition matrix P and
stationary distribution 7, the fundamental matrix is given by

Z=—-(P-1))*

where II is the matrix whose every rows is the stationary distribution 7.

The solution to the Poisson equation Af = —gissimply f = Zg.

Note that if X, is irreducible and aperiodic we have proved that P™ — II converges exponentially fast to 0 and using
that (P — II)® = P™ — IT we have the convergent series

o0

Zf =Y P'(f-n=f).

n=0
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6.3 The Central Limit Theorem

We can now use this to prove a central limit theorem for Markov chain.

Theorem 6.2 (central limit theorem for Markov chain) For g : S — R with rg = 0 and for any initial distribution of
Xp,asm — 00,

converges in distribution to a mean zero normal random variable with variance

o*(g) = 7f* — m((Pf)*)

where f is the solution of the Poisson equation (P — I)f = —g.

Proof. Consider the Dynkin martingale

M, = f(X»n) — f(Xo) + ZQ(X]) = ZDJ

withincrementsare D; = f(X;) — Pf(X;-1).
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We claim that, for any n,

ezﬁMn
E|— . —1 6.2
I, Bl 7, ] (6.2)

Indeed, using the properties of conditional expectations we have

[T, E[e""5]F;-1]
[T;—, Ele? D] Fj]

(&4

E[eieMn ’]:n_l]
[T}, E[e*"5|F;-] [[;-; Ele®D;|Fj]

ez'eM,H E[eieDn ‘ ]:n_l] B eanfl
[T, Ele?D;|F; 1] [T}~ Ble®D;| ;1]

E —E|E Foil| = E

=F

=F

lterating proves the statement. We now use a Taylor expansion and E[Dj \]:j_l] = O tofind

i-L D; 6 1
log Elle’vi™ | Fj1] = —%E[Dﬂ}—n—ﬂ + 3B

where R,, is a bounded random variable. Note that

E[D}|Fo1] = E[(f(X;) — Pf(X;-1))*|X;1] = PfA(X;1) — (PF(X;-1))?
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Using the the strong law of large numbers for Markov chain,

n Y 2 2
lim Zlog E[el%Dj\]-"j_l] = —%W(Pf —(Pf)?) = —%W(fz — (Pf)*) almost surely

n—00 4

Therefore, from Equation 6.2, we find that

. iM _020_2
lim F [ez\/ﬁ "} —e 2

where
a*(g) = n(f* = (Pf)?)
éince
L= L () — 1) + 2 S (x,)
\/’E n — \/ﬁ n 0 \/— g

and the term % (f(X,) — f(Xp)) is negligible asm — 0o we have shown that —= Z] 0 " g(X ;) converges in

distribution to a normal random variable with mean 0 and variance o (g N
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We can rewrite the asymptotic variance in terms of g using the fundamental matrix Z = (I — (P — II)) 1. Indeed
since f = Zgandwf =m1g =0

2= (P =(f - PAf+Pf)=(f — (P -IDf)(f + (P —IDf)
=I—(P-I)fI+ (P -1)f = — (P-M)f(2I - (I — (P —10)))f
=29Z9—g°

Thus the asymptotic variance is given by
2 2
o*(g) = m(29Zg — g°)
o

If X, is aperiodic thenwe have Zg = » |~ (P — m)"g and using, the scalar product {f, g)» = > _; m(7) f(7)g(Jj)
we get

o*(9) = (g,9)= +2 ) (9, P"g)x

which is often the form of the asymptotic variance found in the literature.
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6.4 Peskun theorem

In the context of Monte-Carlo methods one can try and use the central limit theorem as way to compare different Monte-
Carlo Markov chain methods used to sample the same distribution 7. The idea is that the smaller the variance, the

“better” the Monte-Carlo will perform since the fluctuations around the stationary values g will be smaller. The

following theorem is a result in this direction. It shows that the more a Monte-Carlo Markov chain “jumps”, the smaller the
asymptotic variance will be.

The proof will use result from matrix algebra. Suppose a vector space E is equipped with a scalar product (-, > and A and
B are self-adjoint. We say that A < B if

(x, Az) < (x,Bx) forallz € R"

and we say that A is positive definite if 0 < A, in which case A is invertible.

Theorem 6.3 Suppose A and B are positive definite with A < Bthen B! < A~1

Proof. Since B is positive definite then BY/2 exists and is also invertible. Then A < B implies that B 124ABY2 < 1.

~1/2

Indeed since B2 is invertible we can write z = B~/2y and

(z, Az) < (x,Bx) = (B 'y, AB V%) = (y, B"Y?AB ?y) < (BV2y, BB V%) = (y,v)

To conclude we need to show that if C' < I then ] < C L. Since the eigenvectors e; of C' can be chosen to be
orthonormal basis of E/, C' < I implies that the eigenvalues \; of C' satisfy 0 < \; < 1.
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We have,withx = ZZ Li€;,

(z,z) = Z|5Ez < Z ’mz z, 0~ z)

andthus I < C~! = BY2A4-1BY2 Arguing as above thisimpliesthat B~ < A1, .

Theorem 6.4 (Peskun Theorem) Suppose P; and P; are two transition probabilities such that PP; and P, satisfy
detailed balance with respect to the stationary distribution 7. Assume that

Pi(i, ) < Py(i,j) foralli+ j
then for all g with mg = 0 we have

o,(9) < % (g).

Proof. Suppose P satisfies detailed balance with stationary distribution 7r. Then P is self-adjoint with respect to the
scalar product (f, g)

(fsPg)x = (Pf,9)x




85

Consider the so-called Dirichlet form associated to the Markov chain (with A = P — 1)

Ef, ) = (F, (A )x =) _7(&)f () (f(i) - ZP(i,j)f(j)> = (&) f@)P(i9)(F () - f(5))

Using detailed balance, 7 (i) P(2, j) = w(j)P(J, ), and then exchanging the indices we find
E(f,f) = Zﬂ(j)f(i)P(j,’i)(f(i) - f3) = - Zﬂ(i)f(j)P(i,j)(f(i) - 1(9))
Therefore, averaging these two formulas, we find
E(F.1) = 5 S w@)(F6) — FG)PGIFE) — FG))
7]

Note that the Dirichlet form does not involve the diagonal terms P (3, ¢). Therefore if Py (4, j) < Pa (3, j) fori # j and
both satisfy detailed balance then we have an inequality between the Dirichlet forms

5P1(f7f) Sng(f,f)

Note also that if we assume w f = Owe canwrite Ep.(f, f) = (f, (I — (P; — II)) f) . Since the since the asymptotic

variances o3, (g) have the from 0%, () = 2(g, (I — (P; —II)) "'g)x — (g, g)~ the proof is complete by invoking

Theorem6.3. N
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[Example: Metropolis vs Barker]. We can build a Markov chain whose stationary distribution is 7 by using the transition

probabilities
P(i,j) = Q(i,7) min {1, W(J,)Q(?’ 7,) } Metropolis — Hastingsalgorithm
(i) P (%, j)

or

m()Q(%)

P(i,j) = Q(i,])l W(%()Zég()j,i) Barkeralgorithm

+ 7 ()P))

Since, forx > 0%
< min{1,z}

1+2x

the Metropolis algorithm as a smaller asymptotic variance.




