Appendix - For Online Publication Only

This appendix provides missing proofs, details for Section 4, and comparisons
with existing decomposition results.

B. Other proofs

Proof of Proposition 3.1. We show (ii)((i) follows similarly). Let i and s; be
fixed. Then from the discussion before the proposition, w® is concave in s; for all i.
Thus there exists a Nash equilibrium. We next show that ®(s) = 3. max,,cs, w¥ (s, 5_;)
is strictly convex. Let t/, ¢ € S be given. Then v/, u” € S be given such that
w"” (ul, ) = maxy,es, w®(s;, 1) and w” (W, 1",) = max, es, w? (s;,t",) for all 4.
Let a € (0,1) and ¢* be such that w"” (£, (1 —a)t' +ot”)_;) = max, es, w? (s, (1 —
a)t' + at”)_;) for all i. Then we have

(1= a)®(t) +a®(t") = (1—a) Y w(u,t" )+ w” (W 1)
> (1=a) Y wl (¢ ) +ad w1, ¢7,) > Y wiE, (1- o)t +at’)
=&((1 —a)t' + at”).

Thus ®(s) is strictly convex and the minimizer of ®; is unique. Since the Nash

equilibrium is a minimizer of ®, the Nash equilibrium is unique.
O

Proof of Corollary 3.1. Let f = w + h, where h is a non-strategic game. Then,
w(l)(al, 09) is convex in oy and w(2)(01, 09) is convex in ;. By Proposition 3.1, the
set of Nash equilibria is convex. Suppose that f has two distinct Nash equilibria, p*
and o*, where p* # o*. Then, for all t € (0,1), (1 —t)p* + to* is a Nash equilibrium
since the set of Nash equilibria is convex. This contradicts Condition (N) because
of Lemma 2.2 in Quint and Shubik (1997). O

Proof of Proposition 3.2. We let

D:={fecLl:fOs):= ZQ(S,Z) for all i}
I#i



We first show that
B=Z+&ENIZ+E)=SPL))+E.

Let f € (Z4E)N(Z+E). Then, f = g1 +hy, for gs € Zand hy € €, and f = go+ ho,
for go € Z and hy € £. Thus, we have

g1+ h1 = ga + ha, (1)
and applying S to (1), we obtain
f=S8(hy — hs) + hs.

Thus, since hy — hy € P(L), f € S(P(L)) + £. Conversely, let f € S(P(L)) + £.
Obviously, f € Z+ £. In addition, f = S(P(g)) + hq, for g € £ and hy € £. Thus,

f=8FP(g)+h=-1-8)(P(9) +Plg) +hh € Z+E.
This shows that
(Z4ENIZ+E)=S(PL)+E.
Note that

S(P(L)) +E={f: fO = zn:Q(s_l) for some {(;};-; and for all i} + &

=1

={f:f9 = ZQ(S_I) for some {(;}}-; and for all i} + &
I#i

=D+E.

Now observe that

ZQSlZQSl ZQSZ

1#1 1£2 I#n

ZCJSZZQSZ ZQSl

Hence, the first result follows from D+ & = (Z+E)N(Z+E). For the second result,



observe that

O G D>~ a-n=1> G—n=1)C,, > G—(n—1)¢)

A1 1£2 I#n 1#1 1#2 I#n

= Q=)D (G=G) D> (G =)

1#1 1#2 I#n
= (Z(Cl - Cl))Cl - CQ?Cl - g?n e 7(1 - Cn)

I>1
+(0,> (G =G = Career G —Ca) +

1>2
+ (07 0,---, Z (Cl - <n—1)7 Cn—l - Cn)
I>n—1

— 0,--+,0,—C+¢,0,+-0,6 — ¢, 0,- -+, 0

= (07707_<Z+Cj70707<.1_<]70770)
——— ——

i—th j—th
O

Proof of Corollary 3.2. (i) This immediately follows from Proposition 3.2. (ii)
From the second part of Corollary 3.2, (s, s3) € (argmaxg, (2(s1), arg maxs, (1(s2))
is a Nash equilibrium. If there are two distinctive maximizers, then since the set of
maximizers is convex, there exist infinitely many Nash equilibria, contradicting Con-
dition (N) again by Lemma 2.2 in Quint and Shubik (1997). Thus, the maximizer
is unique and constitutes the strictly dominant Nash equilibrium. O

Proof of Proposition 3.3. Let do;(s;) = mdmi(si) be player i’ uniform mixed
strategy. We define a uniform mixed strategy profile as a product measure of uniform

= H dO'Z(SZ)

mixed strategies: i.e.,

Let 7 and s; be fixed. We show that

f(z) (Si, U—i) =0.



Identity payoff Zero-sum Both Potential
Normalized Normalized and Zero-sum
INN ZNN B
Dimensions (= (=2)(-1) 20 -1

2
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(
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Table 1: Dimensions of subspaces and basis games for two-player symmetric games

Then, the desired result follows since f@(s;, o
hence, (o, 0_;)
strategy extension,

f(

(si,0

/s i€S_;

= max,, fV(s;,0_

f(i)(8i70—i) = / l) 327
s_iES_l

If f is a zero-sum normalized game, then

JF#i

Zf (85,5-; HdUz s1)

1#1

Hdal Sl

l#1

-/

JFi

) - O - f(% (0—17
;) for all 4. First, by the definition of the mixed

ZES—Z

_;) for all 7 and s;;

)(s5,5_;) H doy(s;) =0

I3

where the last equality follows from the normalization, fs; es, | D (sy, 5_1)doy(s;) = 0
for all [ and Fubini’s Theorem. If f is an identical interest game, then similarly

f(i)(Si,U—i) = / Su
S_;ES_;

where the last equality again follows from the normalization, st s

0 for all . Thus, we obtain the desired result.

C. Detalils for Section 4

C.1. Finite strategy games

Lemma C.1. We have the following results:
(i) The set of games {S)}i_y .. 1 j=i forms a basis set for TNN

(ii) The set of games {Z},_y . 1 i~i forms a basis set for TON

(iii) The set of games {DW},_y .., 1, {ED}i2y...; forms a basis set for B
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Proof. (i) We note that there are precisely 1(151) number of different S#)’s. Thus,

we only need to show that these S(#)’s are independent. Let S be

S = o) gl

.MN
M-

+

1

.
Il

1 j=2

Then it is easy to check that S;; = o). Thus if S = O, then a(¥) = 0 for all 4, 5.
(ii) Again we note that there are precisely U_Q)Qﬁ number of different Z@)’s. Let

Z be z z
Z2=3"% ¢z,

Then it is also easy to check that Z;; = —C) Thus if Z = O, then (%) = 0 for all
1,7

(iil) Again we note that there are precisely I — 1 number of different D®)’s and I
number of different E®’s. Let K be

-1 l
K = 2; 5D 4 2; n B

Then if K = O, then n; = 0 for all 7 (because the last row of K is given by (ny,--- ,m))
and this, in turn, implies that ¢; = 0 for all 4. O

We would have the following results.

Proposition C.1. We have the following results:

(1) Suppose that v;; < 0 for all i,j. Then #(G) = 1.

(i4) Suppose that vi; > 0 for all i,j. Suppose that 6; > 0 for all i and v > 5+ C.
Then #(G) = 2! — 1.

Proof of Proposition C.1 (ii). We will show that G satisfies the total band
wagon property defined by Kandori and Rob (1998). Then for any A C {1,2,--- ,1},
there exists a unique Nash equilibrium, which is completely mixed in A and thus there
exist precisely 2! — 1 Nash equilibria (See Kandori and Rob (1998)). Thus, we will
show that for all ¢ € A, BR(q) C ¥,, where BR(q) is the set of all pure strategy
best responses for ¢. Suppose that there exists ¢ € A such that BR(q) ¢ ¥,. Then
we must have X, # {1,--- [} (the set of all pure strategies) and there exists k ¢ ¥,
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such that
er-Gqg > q-Gq

We define v, = v,; for j > i. First observe that we have

q- Sq_Z%J —q;)%, ek-Sq:Z’ij(Qk—CJj)‘i‘Z’ij(Qk—%):Z’ij(%

1<j i<k >k Jj#k

Next we define (;; = —(;; for j > i. Again observe that we have

q-2q=0, € -5¢= ZCij(Qj — ), ek S5q= ZCU(Ql - qj)

i<j i#k

Thus

v Sq < Y maxGllg — gl < max|Gy Y <

1<j 1<j
e - 9q < ZmaXKUHQl g] < max|§zj Z <
1<J

Next we let d = (d1,--+,6)7 and find that
q-Dg=q-d=0, e-Dq=0

since d; > 0 for all . Then since k ¢ £, so ¢ = 0. Thus

0<q-Sq+q-Zg+q-Dg=q-Gg<ey -Gg=> jlan—q;) +{+9
o
:_Z’ij% +(+0< - kaij+é+5§—j+§+5<0

#k €2

which is a contradiction. The last inequality in the above follows from

IDRCTEDIE ST Z min g > min Z % =R 2 Y
O JEZ

0

To show (i) of Proposition C.1, we recall the following definitions (from Hofbauer and Sandholm



(2009)).

Definition C.1. We say that

(i) a symmetric game G is stable if (¢ —p) - G(q¢ —p) <0 for all p,q € A

(ii) a symmetric game G is strictly stable if (¢ —p) - G(¢—p) <O forallp #qge€ A
(iii) a symmetric game G is null-stable if (¢ — p) - G(¢ — p) =0 for all p,q € A

Next we have the following well-known observation.

Lemma C.2. If p satisfies

(q—p)-Gg<O0 forallg#peA

then p is a unique Nash equilibrium for a symmetric game, G.

Proof. Since G is finite, there exist a Nash equilibrium, say p’. We will show that
p' = p. Suppose that p’ # p. Then we find

p-Gp >p - Gp

which shows that p’ is not a Nash equilibrium, a contradiction. Thus we must have
p’ = p. And this also shows that there cannot exist any other Nash equilibrium. [J

We have the following characterization for the strict stability of G.

Lemma C.3. Suppose that G is given by (31).

(1) G is strictly stable if v;; < 0 for all i < j.

(i) G is null stable if v;; = 0 for all i < j.

Proof. (i) Let TA be the tangent space of A and z # 0 and z € TA. Then since
G=S+7+ B, Bz=0,and z- Zz = 0, we have

1<j 1<J 1<J

because v;; < 0 for all i < j. If 37, (2 — 2;)* = 0, vi5(2i — 2;)> = 0 for all i < j
and thus z; — z; = 0 for all ¢ > j which is a contradiction to z # 0. Thus we have
z-Gz < 0. (ii) Let z € TA. If ;; = 0, then we again have

z2-Gz = Z%-j(zi —2z)?=0

1<j



O

Proof of Proposition C.1 (i). Suppose that v;; < 0 for all ¢ > j. Since G is a
finite game, there exists a NE, p*, for G. Since G is strictly stable, for all ¢ # p*, we
have

(q—p")-Glg—p") <Oforall g #p* €A
Thus
(q—p*)-Gg<(q—p")-Gp <0
where the last inequality follows from p* is a NE. Thus we find that #(G) =1. O

C.2. Contest games

First note that s = (0,0, -,0) cannot be a Nash equilibrium since any player ¢ can
deviate to s; > 0. Thus we let

S ={(s1,--,8n) :s; >0 for all 4, and s; > 0 for some j}.

Lemma C.4. Let i be fived and s; > 0. Then w®(s;,-) : S_; — R is conver.

Proof. We will show that p@(s;,-) : S_; — R is convex and then the desired result
follows. Suppose that s; > 0. Define g : s_; — Zl# siand h :t— ﬁ Then g is
convex, h is convex and decreasing, thus p(i)(si, -) is convex. If s; = 0, then

. l, if S_; = 0
p(z)<07 372-) — {n

0, otherwise.

Thus p(0, -) is convex for all s_; # 0. Thus we obtain the desired result. O

Since it is known that the rent-seeking game admits a Nash equilibrium, Propo-
sition 3.1 and Lemma C.4 show that the set of Nash equilibrium for the rent-seeking
game is convex. Let b9(s_;) be the best response when an interior solution occurs.
That is, b3 (s_;) satisfies

ci (b3 (s—;) + Z 51)? = Z 5;.

1#i I#i



Then
= Z w (max{bS (s_;), 0}, 5_;)
1=i

For P C {1,---,n} such that |P| > 2, we define

wp (s, 5-i) = 00 (si5-) = o) — prmy 2 (@si—eis)
j#i,jEP

for s € [[,_; S:.

Lemma C.5. Suppose that s* is a Nash equilibrium and s} > 0 for all v € P and
st =0 foralli & P where P C {1,--- ,n}. Let s} = (s})iep. Then we have

= 3 w550

i€eP

Proof. Let P C {1,---,n} such that for all i € P, s; > 0,b;(s_;) > 0 and for all
i€ P, s;=0,bj(s_;) =0. Then we have

> (b 5-) = 3w (W50 5-0) + Y w(0,52)

i€P igP

DY AICTER IR P NESLE o

i€P j#i,jeEP
1
7 D s
i¢P n j#i,jEP

= w6 (spi), 5p1)

i€eP

where we use b (s—;) = b7 (sp—), since b7 (s_;) depends >, s;. Using this, we obtain
the desired result. O



Lemma C.5 leads us to define

)= wp (B (s ), 54)

i€EP

|p|_1Z QoD s -2 va [>os+lPl-1 ()

ieP i€P l#i icP l#1

for s € S(P).
Lemma C.6. ®%(s) : S(P) — R is strictly convex.

Proof. From (2), it is enough to consider the following function:

= Z aih(z S

i=1 I£i

where a; > 0 and h is strictly convex. We will show that W is strictly convex. Let
s,t € S} and s # t and p € (0,1). Then for some k, >, 51 # >4, ti- Otherwise,
if Zl# 5 = Zl# ti, then >, s, = >, t;, which again implies s; = t;, a contradiction.
Thus from the strict convexity of h, we have

W(1=p)Y si+pY ) > (L=p)h(Y_ si)+ph(d 1)
I#k l#k l#k 1#k
and
U((1—p)s+pt) = Zaz O (1—p)sitots) > Zaz 1=p)h(>_ si)+ph(Y_t) = (1—p)U(s)+p¥ (1)
=1 I+ =1 I 14
L]

Lemma C.7. Suppose that s* and t* are Nash equilibm’a for a rent-seeking game
defined in (34) such that sf,tf >0 for alli € P and sf,tf =0 for alli & P for some
Pc{l,---,n}. Then s* =t*.

7

Proof. Suppose that s* and t* are Nash equilibria for I'™ such that s}, ¢ > 0 for all
i€ Pandsf,t; =0foralli g P. Let s5 := (s])icp and t} := (t});cp. Then we have

0=®(s") = Pp(sp) and 0 = O(t") = OL(th).

10



Since ®%(sp) > 0 for all sp € [[,.p Si (This is to be shown) and the strict convexity
of ®%(s) implies that the minimum is unique. We have s}, = t3,, and thus s* = t*. O

Proposition C.2. The Nash equilibrium for the rent-seeking game defined in (54)
1S UNIqUE.

Proof. Suppose that s* and t* such that s* # ¢* are Nash equilibria. Let P’ := {i :
st > 0} and P” := {i : tf > 0}. Then from Lemma C.7, we must have P’ # P.
Since the set of Nash equilibria is convex by Lemma C.4, ps* 4 (1 — p)t* is a Nash
equilibria for all p € [0,1]. Then for 0 < p < 1, (ps* + (1 — p)t*); > 0 if i € P" and
(ps*+ (1 —p)t*); > 01if j € P”. Thus there are infinitely many Nash equilibrium for
the set P" U P”, which is contradiction to Lemma C.7. O

D. Existing decomposition results

Our decomposition methods extend two kinds of existing results: (i) Kalai and Kalai
(2010), (ii) Hwang and Rey-Bellet (2011); Candogan et al. (2011). First, Kalai and Kalai
(2010) decompose normal form games with incomplete information and study the im-
plications for Bayesian mechanism designs. Their decomposition is based on the or-
thogonal decomposition £ = Z@® Z in equation (11). Second, Hwang and Rey-Bellet
(2011) similarly provide decomposition results based on the orthogonality between
identical interest and zero-sum games and between normalized and non-strategic
games, mainly focusing on finite games. Candogan et al. (2011) decompose finite
strategy games into three components: a potential component, a nonstrategic com-
ponent, and a harmonic component. When the numbers of strategies are the same for
all players, harmonic components are the same as zero-sum normalized games, and
their harmonic games, in this case, refer to games that are strategically equivalent to
zero-sum normalized games. Also, their potential component is obtained by remov-
ing the non-strategic component from the potential part (Z 4+ &) of the games. Note
that we can change our definition of zero-sum normalized games to their definition
of harmonic games, with all the decomposition results remaining unchanged. Thus,
their three-component decomposition of finite strategy games follows from Theorem
21, L=(Z+&)® (ZNN) (see the proof of Corollary D.1 for more detail).
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Corollary D.1. We have the following decomposition.

L= (Z+&ENN) o < ®(ZNN)

Nonstrategic Harmonic

Potential Component
Component Component

Proof. This proof follows from Theorem 2.1 by showing that (Z+&)NN)®E = T+E.
First, observe that (Z+&)NN C Z+&, which implies that (Z+&)NN)BE C T+E.
Now, let f € Z+E&. Then, f = g+h, whereg € Z, h € £, and g = (v, v, - ,v). Then,
by applying the map, P, we find that f = P(f) + (I — P)(f). Obviously, P(f) € £.
In addition, (I = P)(f) = (I —P)(g) = (v —Twv,v—Tow, -, v—Tw) € ZT+E.
Thus, (I = P)(f) € (Z+E)NN. O

Ui (2000) provides the following characterization for potential games:

f is a potential game if and only if ) = Z & for some {Eps}aren for all @ (3)

MCN
M>1

where &), depends only on s;, with [ € M. Let
D:={fecLl:fis):= ZCl(s_l) for all i}.
I#£i

From our decomposition results, we have D C Z 4+ £ and £ C Z + D. In particular,
the second inclusion holds because

Gls—i) =D Gls) =D Gls).
=1 i

Thus, D C Z+ & impliesthat Z4+D+E CZ+E and &€ CZ+D impliesZ+D+E C
Z + D. From this, we find

I+D=TI+D+E=T+E (4)

Note that all games in Z and in D satisfy Ui’s condition in (3); hence, games in
T + D satisfy Ui’s condition. Then, equalities in (4) show that the condition in (3)
is a necessary condition for potential games. The sufficiency of Ui’s condition is

12



deduced by adding the non-strategic game

(ZfMa Zngang)

N A
to game f satisfying Ui’s condition.

As explained in the main text, Sandholm (2010) decomposes n-player finite strat-
egy games into 2" components using an orthogonal projection. When the set of games
consists of symmetric games with [ strategies, the orthogonal projection is given by

=1 - %llT , where [ is the [ x [ identity matrix and 1 is the column vector
consisting of all 1’s. Using ', we can, for example, write a given symmetric game,

A, as

A= AT + (I-D)AT+TAUI -T)+ (I -T)A(I -T).! (5)
=(ZNN)B(ZNN) —B

Thus, our decompositions show that ' AI" can be decomposed further into games with
different properties—identical interest normalized games and zero-sum normalized
games—and every game belonging to the second component in (5) is strategically
equivalent to both an identical interest game and a zero-sum game. Sandholm (2010)
also shows that a two-player game, (A, B), is potential if and only if A’ = T'BI". If
P = (PW, P®)is a non-strategic game, it is easy to see that P = O and P =
O, where O is a zero matrix. Thus, the necessity of the condition 'AI' = I'BT" for
potential games is obtained. Conversely, if ’AT' = I'BT", then game (A, B) does not
have a component belonging to Z NN because (AT, I'BT") € (ZNN) & (ZNN).
Thus, (A,B) is a potential game.

In fact, for two player symmetric game, using Table 4 we can verify that

fe=I—(I-T)I-T)fY,  frow + fzew = (I =TI - To) fV.
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